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INTRODUCTION. 

In a paper " On the c- and p -Discriminants of Ordinary Integrable BifFerential 
Equations of the First Order," pubhshed in voL 19 of the ' Proceedings of the London 
Mathematical Society/ the factors which "occur in the c-discriminant of an equation of 
the form f{x, y, c) = 0, where f{x, y, c) is a rational integral function of x, y, c, 
are determined analytically. 

It is shown"^ that if E = be the equation of the envelope locus of the curves 
f{x, y, c) = ; if N = be the equation of their node-locus ; if C == be the equation 
of their cusp-locus, then the factors of the discriminant are E, N^, Ol 

The singularities considered are those whose forms depend on the terms of the 
second degree only, when the origin of coordinates is at the singular point. 

The object of this paper is to extend these results to surfaces. 

It is well known that if the equation of a system of surfaces contain arbitrary 
parameters, and if a locus of ultimate intersections exist, then there cannot be more 
than two independent parameters. 

Hence the investigation falls naturally into two parts: the first is the case where 
there is only one independent parameter, and the second is the case where there 
are two. 

The investigation given in this paper is limited to the case in which the equation is 
rational and integral, both as regards the coordinates and the parameters* t 

* The theorem was originally given by Professor Cayley itl the * Messenger of Mathematics/ vol. 2^ 
1872, pp. 6-12. 

t An abstract of the contents of this paper has been printed in the ProceedingSj voL 50, pp. 180-186. 
A table of contents will be found below, pp. 274-278, 

21.6,92, 
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PART L—THB EQUATION OF THE SYSTEM OP SURFACES IS A RATIONAL INTEGRAL 
FUNCTION OF THE COORDINATES AND ONE ARBITRARY PARAMETER„ 

Section L (Arts. 1-6).— 'Th:e F-ACTobs of the Discriminant which in general 

CORRESPOND TO ENVELOPE AND SINGULAR LiNE LOCL 

Art. 'L-—To shoiu that if E := be the equation of the Envelope Locus^ the Discrimi« 

nant contains E as a factor. 

Let the equation be 

where x, y^ % are the coordinates^ a the parameter^ and f is supposed to be a rational 
integral function of x^ y^ z^ a. 

Denoting partial differentiation when x^ y, %^ a are treated as independent variables 
by D, the locus of ultimate intersections can be obtained by eliminating a between 

(1) and 

D/ (x, y, z, a) 



D 



a 



\J Q000©©(3C'O©'\ Jnd /« 



Let the roots of (2) treated as an equation in a be cti, a^, . . . ^ which will at first 
be supposed to be all different^ so that they do not make 

Then if H be a factor introduced to make the discriminant A^ obtained by 
eliminating a between (1) and (2) of the proper order and weighty 

A — R/((r, y, %, a^fix, y, z, a^) . . . (3). 

Let x^:::^^ys^r]^z^=^ satisfy (l) and (2) when a ^^ a. 
Suppose that a^ becomes a, when ,t == £, ^Z = '>?5 ^ ^= 4 
therefore^ 

/(^5 '>?. C, c^) = ^^ ......... (4), 



D 



Now in A put X ^ ^, y ^^ rj, z ^^ I; and consequently a^ =^ a^ therefore y(cc, y, z^ a{) 
becomes /*(£ r]^ Cj a) and consequently vanishes. 
Therefore A vanishes when x ^=^ ^, y :^ t)^ z := ^. 
The next step is to show that the locus of ultimate intersections is the envelope. 

Write^ for brevity^ 

A = <r^/ {z^ y^ z^ a^) ^^ ^ji. «..«»*.. (bj. 
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Now denoting differentiation when x, y^ z are the only independent variables by 9^ 

dx ~~ a^-^i"^ ^ \px "^ Dai 9«;/ ■ 
Hence, since a = a^ satisfies (2) 

a« "~ aB-^i""" ^Dx • • • • I';. 



assviming that D/j/Da^ da-^jdx vanishes when D/j/Da^ vanishes. 
Now when tc = ^, ?/ = 7/, s = 4 /i = 0> therefore 



3x 






= ^ 



• 9 • « 



• » • • « 10 y» 



Hence when flj = ^, ?/ = 7^, 2=^ 



8A/^A^aA/5A^aA/p/i _ _ _ 

9.;?; / ~Dx dij I J}y dz / J)z ' * * * ' ' ' ' ^ ^' 

Now the tangent plane to the surface 

at the point x =^ ^, y ^= rj, z =:z ^ is 

(X-f)§| + (Y~^)g + (Z-C)J|=0. .... (11). 

Now Df/D^ stands for Df{x^ y, z^ a)IDx, when rr = ^, y = V^ ^ = ^ ^^^ the 
value of D/i/D^iJ, i.e., Df{x, y^ z^ ai)/Dx, when x ==: ^, y = ^^ z = Z^ and, therefore^ 
a^ = a is the same as the value of Df{x^ y^ z, a)jl)x^ when x = f, ?y = ?;, 2; ^= ^, 

This may be expressed thus :— 

Hence the tangent planes to the surfaces A :^ 0, f{x, y^ 2:, at) = at the point 
1^, >,, ^ coincide. 

This proves the envelope property in general for the locus of ultimate inter- 
sections. 

Hence ^ vanishes^ if in it x, y^ z be made respectively equal to |j t), {, the coordi- 
nates of any point on the envelope-locus^ 

Therefore A contains E as a factor. 
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But the conclusion fails if 



D/ J)f ^ Df 

--- = -— = - 







6 e o » 



(12). 



Hence the work itself suggests the examination of this exceptional case, i.e., whei^e 
a locus of singular points or lines exists. 

Example 1. — Envelope Locus. 



Let the surfaces be 



"<^ {x, y, z) — a]^ + X (^> y^ ^) ^ 0^ 



(A.) The Discriminant 

The discriminant is found by eliminating a between the above equation, and 

— 2 [^ {x, y, z) — a] ^ 0. 



Hence the discriminant is x (^j y^ ^)- 
Hence the locus of ultimate intersections is 



X (^^ y^ ^ 



(B,) The envelope locus is xip^^ 2/? ^) = 0^ 

For let ^, 7}, ihe any point on x {^^ V^ ^) ^= 

Let a = ^(f, 7}, Q, and consider the single surface 



Put X=:^~{-X., y::=.7]'j-Y^Z^==^^-\-Z, 

Then the lowest terms in X, Y, Z are 



■3 ■* 3 









8| 



3?/ 



3? 



Hence the surface considered touches x (*^3 !/? ^) = 

Hence x (^? ;?/, 2:) = is the envelope. 

It touches the surface at every point of the curv 



at ^, Tjj ^, 






Hence this curve m the characteristic. 
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Art. 2. — To p7'ove that the Logics of Conic Nodes of the Surfaces f{x^ y, z, a) ■= is 

a Curve, not a Surface. 

At every point of the locus of conic nodes the equations 

y*(^j y, z, a) = . . (13), 



ly (x, y, z, a) 



'Bf{os, y, X, a) 
J)y 

D/ {x, y, z, a) 



\J « • a • • • • • e IX ^t /• 



\J • • i » « • » • • \ ^ / ' 



V/ •• •• 9 % • •• \*^ ^ / 9 



J)z 

are simultaneously satisfied. 

In general these are satisfied by a finite number of values of a^, y^ z, a only. Hence 
there are only a finite number of conic nodes. 

The next case is that in which equations (13)-(16) are equivalent to three indepen- 
dent equations only, and then it is possible to satisfy them by relations of the form 



07 



(j){a), y =: xjj (^a), z--=^-y(^{a) (17). 



In this case there is a curve locus of conic nodes. But as such a locus is defined 
by two equations, it cannot be determined by equating a factor of tlie discriminant 
to zero. 

The next case is that in which equations (13)~-(16) are equivalent to two indepen- 
dent equations only. Eliminating a between these, the equation of a surface is 
obtained. This is the case which will be further examined, and it will be shown that 
the tangent cone at every conic node must break up into two planes, ix., the conic 
node becomes a binode.'^ 

Let f, 7], t, be the conic node on the surface (10). 

Let ^ + Sf, 7} + ^'^i ^ + S^ be the conic node on the consecutive surface 

J {x, y^ z, a -{- Sa) = (l^)* 

JL xiexi 

,/ \b? ^? 4^ ^) ~~" ^ yiijj, 

^ In this connection may be noticed Art. 11, in whicli it is proved that if a surface have upon it a 
line at e^ery point of which there is a conic node, then the tangent cone at every conic node must break 
up into two planes so that the line is a binodal line. 

MDCCCXOII. — A. U 



146 



PROFESSOR M. J, M. HILL ON THE LOCUS OF SINGULAR POINTS 










13 <> 



p 9 0' 3 6 C O 



» ( Zj 1 ) . 







3 s e « 9 » o 



. . (22), 



and the equations obtained from (19)"-(22) by changing £ r], C? ^ into f + §1? ^ + S'^? 
I -{- S^5 a + Sa respectively. 

Denoting differential coefficients by brackets containing the independent variables^ 
with regard to which the differentiations are performed, these last equations become 
by means of (19)-(22) 



K ^j m + [^, vi i^v) + II Q m + [£ «] (s«) = 



<, { Z4), 



lv> f] i^S) + bi> v] ih) + bi> Q {^0 + [y], a] (S«) = . . . (25), 

U,i]m + [C,v'}{h) + [LQ{H) + [Loc-]{Sa)=.o . . . (26). 



By (23), 



a 







at every point of the conic node locus. Hence the co-ordinates of every point on the 
conic node locus satisfy the equation of the locus of ultimate intersections.^ 



Further, since 



a 



= at every point on the conic node locus, the corresponding 
equation is satisfied at the conic node on the surface (18). 

xxenoo 



^. I] i^i) + [^, v] i^v) + [^? Q {^0 H' 



a^ a] (Sa) = 



f • \ ^ f ft 



Since equations (24)-(27) must give consistent values for 8^ : Srj : SI, : Sa^ it follows 
that the Jacobian 

i>{[BM.[aH}„ 



» « 



... 



9 9 



(28), 



* I am indebted to Dr. Forsyth for the following example : 
Let the surfaces be 

(^ — ay + (y — ay — {€^(z — af = 0. 
The discrim.inant is 

^.S(2^ ^ ^ - ^)3 + («:3 ^2) (x-- yy. 
Hence the locus of ultimate intersections consists of the two planes 

i€(2z — X —- y) = ^ v'2 — fc^(x — y). 

These planes intersect in the straight line x =^ y ^ 0? which is the locus of conical points of the 
surfaces. 
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If this were the only relation between these equations, they would determine the 
ratios S£ : 807 : 8^ : 8a. 

Hence there would be a curve locus, not a surface locus of conic nodes. 

If, then, there be a surface locus, equations (24)-(27) must be equivalent to two 
independent equations only. 

Expressing that (24)--(26) are equivalent to two independent equations only, it 
follows that 



D (f, V, n 



(9^\ 

\^ * • • . • . t * t \ MJ fj I » 



But this is the condition that the tangent cone at the conic node should break up 
into two planes, and then the conic node becomes a binode. 

Hence there cannot be a surface locus of conic nodes, unless the conic nodes become 
binodes. 

Since equations (13)~(16) are equivalent to two independent equations only, every 
point on the intersection of the surfaces represented by (13) and (14) is a binode on 
the surface (13). 

Hence the surface (13) has a binodal line. 

The locus of these binodal lines is a surface at every point of which equations (1) 
and (2) are satisfied, hence it is a part of the locus of ultimate intersections, and its 
equation can be determined by equating a factor of the discriminant to zero. 



Art. 3. — To find the conditions lohich hold at every point on a Surface Locus of 

Binodal Lines. 

In this case (29) holds. 

Hence, in order that (24)-(26) may give finite values for 8£ : 807 : 8^ : 8^, 

^{[aM>[g} _^__ D{[a[aH} ,o,^ 

DH?,«} """ D{^,^,r} • • • ■ * • ^ '' 

Now (30) shows that (27) depends on (24) and (25). Hence, in this case, the four 
equations (24-27) are equivalent to two independent equations only, which is obvious 
since (13-16) are equivalent to two independent equations only. 

U 2 
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Art. i.,— To find the conditions which hold at every point on a Surface Locus of 

Unodal Lines. 



At such a point the tangent cone, whose equation is 
_^, ^] (X - ^Y + [7?, r,-\ (Y - ^f + {I Q (Z -^ 0' 

breaks up into two coincident planes. 
Hence 



it f ] : 


It v] 


' L=> t„ 


:i^ ^] ^* 


Iv^ vl 


^ Iv^ L 


il ^] : 


Lv^ 


° l^h} b^ 



(34 



Of the four equations (24)-(27), which are satisfied when there is a surface locus of 
bi nodal lines, it has already been shown that only two are independents The same 
equations hold when there is a locus of unodal lines. 

Multiply (24) by [07, ^], (25) by [^, i], subtract and use (34). Then^ 



therefore. 



Similarly 



(Sa) {[ri, f] [f, a] — [f, fj [rj, a]} = 



_v^ f] [t «] — It f] Iv, a] ====^ 



C. ^1 [t ^1 — [t f 1 '"4 al = 



« o 



9 5 3 9 



o a 9 a 9 » 



(85), 
(36). 
(37). 



By (34) and (36) it follows that (25) depends on (24)« 
By (34) and (37) it follows that (26) depends on (24). 

By (34)5 (36), (37), it follows that, if the values of 8^ : Sr] : S^ : Sa satisfying 
(24)-(27) are finite, then (27) depends on (24), and the following ratios hold :— » 






tv. 



? b 



^] 



7], C] : IVp ^. 



.^? '^J ' L^? tj ^ L^' ^j 



[a, f ] : [a, 17] : [a, Q : [«, < 



In this case, then, (24)-(27) are equivalent to one independent equation only* 
It may be noticed that in the case in which 



(38). 



a 



, ^1 = 0, 



a. 



V. 



0, fa, n = 



? 13 



(39), 
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in order that (27) may be satisfied. 

And now (27) becomes an identical equation. It does not depend on (24). 



Art. 5. '—Examination of the Discriminant A, and its Differential Coefficients, when a 
Surface Locus of Binodal Lines exists. Proof that A contains W as a factor. 

Let ^j 7], ^ be a point on the binodal line on the surface (10). 
Then when x ■=. ^, y ■=. r}, z ::=. t^, 

Hence by (6) and (7), when x = i, y ^= rj, z ^=z 'Q 

A = — = 

OX 

Similarly 

3A 3A ____ 

02/ da; 

Hence if B = be the equation of the surface locus of binodal lineSj A contains B^ 
as a lacxiOr. 

Example 2,- — Locus of Binodal Lines. 
Let the surfaces be 

[cfy {x, y, z) ^aj + x (^^ y^ ^) W^ (^) y^ ^Yf - 0* 

A. The Discriminant. 

This is found by eliminating a between the abovSj and 

— [2 ^ {x^ y, 'z) — a] == 0. 

Hence the discriminant is )((^j y, ^) [^ (^j ^j ^)T* 
Hence the locus of ultimate intersections is 

X {^^ y^ ^) [V' (^. y^ ^)f = 0- 

B. The Locus of Binodal Lines is xj) {x^ y, z) := 0. 
Let 1^, rj^ I be any point on the surface xl^{x^ y^ z) == 0. 
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Take a = <^ (^^ r]^ Q and consider the single surface 



(j> (oc, y,z) — <jy (£ 7j, c)J + X (^p y^ ^^) bP (^' y> ^)J — 



Put ;r=:|^+X^;z/=7; + Y,.;2 = { + ^e 
Then the lowest terms in X, Y, Z are 



■3 ■*- 5 



3f "^ a^ "^ a^_ 



2 



+ x(f^ ^^ S 






This breaks up into two factors of the first degree in X, Y, Z. 

Hence ^, 77, ^ is a binode on the surface considered. Now the only relation 
satisfied by ^, 77^ ^ is xjj(^, rj^ Q ^ 0, 

Hence any point f, rj^ ^^ on the surface ifj (x, y, z) = 0^ is a binode on 

^^ (^. y^'^) — 4> {L rj, i)J + X (^^ y^ ^) [^ (•'^. 2/^ ^)T = o. 

Hence every point of intersection of the surfaces 



and 



^ {^^ y, z) -=■ 0, 



[<^ {x, y, z) — aj + X (^^ 2/' ^) [^ (^^ 2/^ ^)? ^ 



is a binode on the latter surface^ 

The equations of the binodal line of this surface are^ therefore^ 



■^ {x, y, z) ^ 
(j) (x^ y, z) ^=- a. 

This accounts for the occurrence of the factor [ \l# {x, y, z)~f in A 



C, The Envelope Locus is x (^3 y^ ^) " 
This may be proved as in Example 1 



Art. Q.~ Examination of the Discriminant A, and its Differential Coefficients^ when 
a Surface Locus of Unodal Lines exists. Proof that A contains tJ^ as a factor. 

pifferentiating (7) with regard to x and y^ 



8^ 



J- ^/-VT^ 



-^ "•" B« \Dx "'"Da, "bx "^ 






ffi 6" d- &• 



(41), 
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^ ^ f ^ ^^^ [Wi a.Wl^<\ 4^^3.^A ^ o (^^^ j^ pyi ^<\ /.ox 

dxdy "~ J^ dxdtj "^ dx \J)tj "^ Da^ dyj "^ dy J)x '^ ^ \pxJ)y "^ DxDa^ dy ) ' ^ ^' 
To find dajdx, dajdy it is necessary to use tlie equation 



This gives 






Wi _|_Dyi3«, 







« « • 



« fi a S 



DicDa^ ' D^i^ dx 



. 



• « t « • • • 



Ml _,_»!49;^:^o 



D3/ D(Xj Da^^ dy 



(43). 



(44), 



(45). 



Now reserving the case, according to the remarks in the Abstract (' Proc. Roy. 
Soc, voL 50, p. 180) and Art. 1, in which 



Da/ 



(46), 



for further consideration, because, in this case, dajdx^ dajdy, both become infinite or 
indeterminate, it follows that 



Hence 



dy 



Dx DaJ DcIt^ 



Dy Da^l Da^ 






9^'^ dx^ 



aQBA 

dx T)x 



+ Q 



D^i WA 



D^i 



\2 



[Da;3 D< Vl^'^Da-i/ J/ Da/ 



« » 



(48). 



• (49), 



dx dy dxdy dx J)y dy J)x 



D!A DYi wf, Dy, 



D^ D^ J)a^' J)x D<XjL D;2/ D<x^ 



\i^' ■ ('")■ 



Hence, if ^, 7;, ^ be a unode on the surface (10), and a^ become equal to a when 
cc = ^, y =z yj^ z :=- I, then by means of (38), 



a^A 



0, 



a^A 



0, 



dx^ ' dx dy 

when OJ = f , y =z rj^ ^ = 4 

Similarly all the other second difierential coefiicients of A with regard to x^ y^ % 

vanish when ^ = f ^ 2/ = '^? 2; = C 

Hence, if U = be the equation of the surface locus of unodal lines, A contains U^ 
as a factor. 
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Example 3.— Locus of Unodal Lines. 
Let tlie surfaces be 



(A.) The Discriminant. 

The discriminant is found by eliminating a between the above and 



2 [^ (x, 3/, 2;) ~ a] := 



Hence it is 



;x (^^ ^^ ^)^ 



3 



Hence the locus of ultimate intersections is 



X (^5 y^ ^)J — 0^ 



(B.) 1%^ Locus of Unodal Lines is x {^, y^ ^) ^ 0« 

Let £, t;^ ^ be any point on the locus ■)( {x, y, z) -^ 0. 
Let a = <j&(f5 Tj, Q, and consider the single surface 



[</) (a?, y^z)^<j^{i, 71, OJ + [x (^^. ^. 4f = 0. 



Put cc=^ + X, y =2 7] -j-Y, z => ^-{~ Z ; then the lowest terms in X, Y, Z are 



■ 9^ , -y 9c/> , nr 9<^' 



2 



Hence ^^ t;, { is a unode on the surface 



[(^ {x, y,z)^4> {t v^ OJ + [X (^^ ^' ^)J ^ 



Hence x (^? y, z) = is the locus of unodal lines on the surfaces 



[(f) {x, y, z) — af + [x (.'^, y, ^)7 == 0, 



The unodal line on any one of the surfaces is given by the equations 



X [x, y, z) ^ 
^ {x, y^ z) ^= a 



This accounts for the occurrence of the factor [^ (^s y^ ^)T i^ ^^® discriminant 
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Section II. (Arts. 7-9),~Consideration of the Cases reserved in which two 

ROOTS OF THE EQUATION DfjDa = BECOME EQUAL AT ANY POINT ON THE 

Locus OF Ultimate Intersections. 

Art. 7 .—Consideration of the exceptional case of the Envelope Locus, in ivhich two 

consecutive characteristics coincide. 

(A.) It will be shown that this is the case reserved in Art. Ij viz., where 
Dfj/Da^^ =z Oe The geometrical meaning of the condition will first of all be 
determined. 

The surface 

f (x, y, z^ a) =: 
intersects the surface 

f{x,y,z,a+ Sa) = 0, 
where Sa is indefinitely small in the curve whose equations are 



f{x,y,z,a) = 
Df (x, y^ z^ a) 



5 



D( 







Ihis curve is called a characteristic. The equations of the next characteristic are 
obtained by changing a into a + 8a in the above. Hence they are 

Wi^^yr^^^) y /o X Py (x, y, z, a) _ 

NoWj if the two consecutive characteristics coincide^ 



T)a Da^ 



5 



at every point of the coinciding characteristics. 

Hence, the characteristic counts three times over as an intersection of the envelope 
and the surface^ instead of twice as in the ordinary case. 

(B.) It is now necessary to repeat the investigation in the case in which equation 
(2) has equal roots when x := ^, y = rj, z =:^ [, the co-ordinates of a point on the locus 
of ultimate intersections. 
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In this case, A may be written 

where ct^, a^ are the roots of (2) which become equal when a; = I, 3/ =: 7;, = {, 
Therefore, 



a 



^x 






Now if it be assumed (see immediately below, under C) that the terms /I =r-^ ^. 

yi tT"" V^ vanishj then when a^ == f ^ j/ = t^^ = {5 it follows that a^ =: a^ := a, and^ 

3A 
therefore,/]^ = 0,/^ = 0^ and ^ = 0, 



//V 



Therefore, A contains E^ as a factor. 

(C.) Examination of the term fa ^~ i^« 
Taking dajdx- from (47) this term becomes 






Now /'is of the form 

A {a — a^) (a — " ecg) (a — osg), 

where a^, a^^ a^ all become eqnal to the same thing as a-^^ a^ when x =^ ^^ y ^=^ rj, z -^ I. 
Hence, taking as infinitesimal of the first order the difierence in tbe values of the 
parameter a at the points ^, rj, I and ^ -f 8£ 7} -{- Brj, ^ + 8^? it follows that /^ is of 
the third order of small quantities, 'Df^lDa^ of the second, and D^/^/Daj,^ of the first. 
Hence, assuming that 'D%/Da^Dx is not infinite, it follows that the term under 
investigation is of the fourth order, and therefore vanishes ultimately. 

Example L—Env(dope Locus ivheti tivo consecutive Characteristics coincide. 

Let the surfaces be 

(j) (x, y, z) + [}jj (x, y, z) — (£f = 0. 

(A). The Discriminant 

The discriniinant is found by eliminating a between the above and 

— 3 [t/^ {x, y, z) — aj =• 0, 
Hence it is [*^ {x, y, zjf. 
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Hence the locus of ultimate intersections is 

(B). The Envelope Locus such that tivo consecutive Charactei^istics coincide is 
(j) {x, y, z) = 0. 

Let f, 77, t, be any point on c^ (x, y^ z) = 0. 

Take a =. xjj (^,r), ^), and consider the single surface 

</> (^, y, ^) + [^ {x, y,z)'-x]j (f, 7), OJ = 0. 
Put aj = ^+X, 2/ = '>? + Y, ;^= ^+2: then the lowest terms in X, Y, Z are 

Hence the tangent plane to the surface at £, 77, ^ is also the tangent plane to 
(j) {x, y, z) = 0. 

Hence <^ (x, y^z) = is the envelope, and the equations of the line of contact are 
<j!> {x, y, z)= 0,xp {x, y,z) = x]j (^, 77, Q, 

Now the equations corresponding to /•=■ 0, Dy/Da =: 0, Dy/Da^ = are 

<^ (^, ^. ^) + [^ {x> y. ^) — ^]'' = 0, 

- 3 [i// {x, y, z) — a]^' = 0, 
6 [i// (cc, y, z) —• a] = 0. 

These are all satisfied by the coordinates of any point on the line of contact. 
Hence two consecutive characteristics coincide. This accounts for the factor 
[<^ (x, 2/5 zjf in the discriminant. 



Art. 8.— Consideration of Loci of Binodal Lines, which are also Envelopes, 
(A.) It will be shown that this is the case reserved in Art. 1, viz., where 

Dy;/Da;^ = 0. 

The equation of the biplanes is 

II ^] (X - ^f + l-n, r,-] (Y - r^f + \_l a (Z - if 
+ 2[.,,C](Y-.,)(Z-0 + 2[C,£](Z-C)(X-f) + 2[|'>?](X-f)(Y-.,)r^0 (53). 

This breaks up by (29) into the two planes 

X 2 
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^? ^] {[^' f] (X — f ) + [^,17] (T — ri) -{'{t], C] (Z — C ) 



.1 



ia*i»^ 



{ "^ [fj ^] ± a/ [i, '>]f -- L£ 1^] [rj, y]]} {[t i] (X — i) + [£ 17] (Y — r^) 



'Mm < )a;^mtia 



+ L>U](z-S)} -=o . (54). 



Now since equation (27) depends on (24) and (25), therefore 



K^] 


[S, v[ 


_ 5 


[V'i_ 


b]> v[ 


Jl^^^ I 


i [«= f 


['^-' ^. 


a. fi. 1 1 







§ -? 






uttin? 



'#!# » C^ 



0, this becomes 



a, 



/J L-2' •=• J 



a, '^y 



a. 



^1 r^' 



xjiexeiOi v/ 



a. 



^. 



I [a, f] = {[^,1?] ± v/[|; 



a. 



.'^5 '^. 







I «J vJ f « 



.fs fl [^>'^]}/K ^] ' ^ ' (^^) 



Hence the equation of ob6 of the biplanes is 






I BaSBf'K!!* 



T 



T/ 



1/7 f\'l 



(T^^) + Ka(Z-0}==0. . (58). 



Now if f + Sfj ^ + S'^^ C + SC be a point on the locus of binodal lines near to 
^j 1J5 ^, it follows by (24) and (25) that 






s s 



& t 



(59> 



Hence the tangent plane to the locus of binodal lines takes the same form as (58), 

Hence the tangent plane to the locus of binodal lines is the same as one of the 
biplanes. 

Hence the locus of bhiodat lines is also an envelope. 

(B.) The converse proposition, viz., that if the locus of binodal lines be also an 
envelope, then [a, a\ = 0, will now be proved. 

As before, the eqnations of the biplanes are given by (54), and the tangent plane 
to the locus of binodal lines' takes the same form as (58), If, then, the locos of 
binodal lines be also an envelope 



{ -^ it l\ ± "^1^ ^? -^ IJ5 ^] [^' ^]1 lit i 



[a, ij]/[^,f 



9 « 



(60), 



therefore 



[^^ VJ L 



i, i] — 2 [a, ^][(X, ^] [£, 7j] + [a, ij{rj, if]] — , . . (61). 
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The equation (61) is the same as (56). 

Comparing it with (55), which holds when a locus of binoclal Knes exists, it follows 
that 

• » e © •■ » I \J jLi /• 



Hence 



a, a 



] 



therefore 





Jj, 7J_ «- 


[£, 7?]^} [a, a] ^ 


Kjl 


fl [v^ v^ 


-[i^vf . 


by (61) 


vi le. fi 


— " [^^ f ] [f. vl 


[f. m^^ v] 


= l^y v.. 


llv^ vl'-^ [^^ f]/! 



6 a 



. (63). 



a 



^ vl 



Making use of these with (24) and (25), it follows that each of these fractions is 

equal to [f, Q/[v^ Q- 

Hence (24) and (25) are equivalent to one equation only. 

But it was shown that (26) and (27) depend on (24) and (25). Hence (25), (26), 
(27) all depend on (24). 

Hence the ratios (38) hold, and therefore there is a locus of unodal lines. But this 
is not the case under consideration, for it is supposed that there is a locus of binodal, 
not unodal, lines. 



a, a 



0. 



Hence (63) is not satisfied, and, therefore, 
(C.) In this case the values of dajdx, dajdy, given by (47) and (48), are really 
infinite, for D^fJDai Dx does not vanish necessarily, but DlfJDai^ = 0. 
Consequently the differential coefficients of A require further examination. 

Now 

^^ J)a^ Dx dx '^~' \l)a^ Bxl j 'Da^ 

Since D^^/JDa^ Dx does not necessarily vanish, it must be show^n that f%h^^^ = 
at points on the locus of binodal lines ; i.e., 






when X =:: ^^ y :^ 7].^ z =:. I, the coordinates of any point on tbe locus of binodal lines. 



Now a-^, a^ are the roots of 



I)/ (w, y, %, a) 



which become equal when x -^^ ^, y ^=^ t]^ % '=:^ t^. 

In this case f{x^ y^ z, a) =:^ is an equation for a, BUch that three values becom* 
equcd when x :=■ ^, y ^:=^ rj, z ^^ [. (Th^y become equal to the same value as %, %.) 
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Put, therefore, 



f— K (a — a^) {a -- a^ (a — a^ . 



A a s 



, . . (64), 



where a^ a^, a^ become equal when x ^=^ ^, y ■:=^ 7], z 
Therefore 



D/ DL 



_ la - x^) (a — a^) {a - ocg) 



Da Da 



+ R {{a — OL-i) (^ "" ^s) + {a — ^3) (« "— %) + (^ -— %) (<^ — a^)] . (65), 



5! _ 5!^ 



{a-a,){a-a^){a-a^) 



DE 



+ 2 T^ ((^ - ^3) («^ -" ^3) + {0^- ag) (a -- a^) + {a^ ot^) {a - a^)} 



J)a 



+ 2R {(a — • «|) -f- (a — a^) 4- (a — ag)} 



ji 9 e o a 9 • 



(66). 



Now, at a pomt on the locus of binodal lines, the two equal values of a which make 
Uf/Da = 0, become equal to the same thing as a^, a^^ otg. 

Hence f{x, y, z, a^) = (^) (% "~ '^1) (^3 '^ %) (^s "^ ^s)? where R' is what R becomes, 
when a is changed into a^. 

Hence /(o^, y, 0, a^) is of the third order of smalJ quantities ; but D^f{x, y, %, a^jDai 
is of the first order, for the most important term in it is 



2 (R') [(a^ - aj + {a^ -^ a^) + (a^ «- a,,)]. 



Hence 



/(..,2/.^,«.)/^^g^-^-^-o 



» ? 



« * « 



. (67) 



at points on the locus of binodal lines. 
In like manner 



/ \X^ y^ % Qj^) 



Da/ 







* * 



but 



J (^3 J^? ^? %) 



\I)^f(x, y\ z, %)1 3 



Da/' 



«^«i v 



* « 9 



(68), 



» a 



(69) 



at points on the locus of binodal lines. 
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(D). It should be noticed that in the preceding section (C)^ the infinitesimal 
of the first order is the increment in the value of a^ a root of Jyfix^ y^ z^ a)jT)a = 0, 
when £ 7^5 C receive increments S£ St^, S^ respectively ; and in particular that it is not 
of the same order as S£ Stj, S^, 

For if ha be the increment in the value a, then 



+ ^ 



2 



+ 2 [a, r,, Q (Stj) (SC) + 2 [a, {, £] (S^ (8f ) + 2 [a, f. 7?] (Sf ) (St;) 
+ 2 [ot, a, I] (Sa) (Sf ) + 2 [a, a^ tj] (8a) (Stj) + 2 [a, a, Q {8a) {8Q 



*°T 



0. 



Now because [et, a] =^ 0^ this equation can be written in the form 



h + % + 2'?;| (Sa) + % (Sot)''^ =z 0, 



where the suffixes denote the order of the terms^ when (Sf )j (St;), (S^) are taken to 
be of the first order. 

Hence, if e denote an infinitely small quantity of the first order in (S^)^ (Sr;), (SQ, 
then Sa is of the order €^'^. 



And now f{x, y, z, %), when ir = f + S^^ 3/ = t; + S^?? ^ 

becomes 



+ S^s and ao = a + Sa^ 



1 
2 



fit r,, 4 «) + [1^] (S^) + M (gr?) + [C] (SO + [«] (S«) 

+ 2 h, a (s>?) (§0 + 2 [L 1^1 (80 m + 2 [f, ri] m m) 

_+ 2 [a, f] (8«) (8f) + 2 [«, .;] (8«) (§>?) + 2 [a, CJ (Sa) (80. 






J 

2 



:f,^](sf)^-i-[.,,.^](s>,f + [{,01(80'^ 

+ 2 [^C] (8^) (SO -^ 2 [^, 1^] (SO (Sf) + 2 [I, ^] (§a (8^) 

+ 2 L«., f J (Sa) (8f ) + 2 [«, r,-] (Sa) (8^) + 2 [a, Q (8a)( SO. 



+ . 



e e> 



Hence /(a?, y, z, a^) is of the order e^^'^ when rxJ ^ 4- 4- §£ ^ =^ ^ "^^ St/j ^ = C + S{, 
In like manner, when m =^ f + S£, ?/ == t; + S"^? 3^ == ^ + S^^ a^^ = a + S«'j 
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aJ T \ tXj^ tJ y Z^ Ct^ ) 



Da/ 



a. a 



a, a 



? b 



(S^) + [a, a, i?J(Sr/) 4- 



a, a 



s ^ 



m 



(Sa') 



I 



ow Ba can be shown to be of the order c^^^. in the same wav that 8a was shown 
Q be of this order. 
Hence Wf{x, y, z^ aj)jDa>^ is of the order e^^l 
Hence the same results as those given in {G7)^ (68), (69) folIow« 



(E.) Examination of the Differential Coefficients of b... 
Differentiating (52) with regard to x^ 



Jence the term 



3^^ 






/s 



Wf\ 



mj^^'^i 



D!/, a 



a-, 






+ 2 



jlJOC/ xJSj 



+ /i 



'% 



9 P 



2/ 
^3 






a, 



jyx" 



Dxl^a^^ dx 



J 2 1^ 



'Dy\ daj 



/ 



XJX XJOj-t (jX 



EhY/W. 



^ \JXc 'Da 



1/ 



Dry ^ 



70). 



vanishes by (67) at points on the locus of binodal lines. 

Hence d^^A/dx^ == at points on the locus of binodal lines, if it be assumed that 
^D'lfi/Dx Da^ is fi'nite. 

This assumption can be made if a^ be finite. 

Again, differentiating (70) with regard to x^ 






3P 



.v 



"r t^ItTT ^T") "T 



ly, D/a 



MD*^ 



Da; Da,j 3» 



XJii? JL/ti' 



: +/i 



''■^" iWMjJt i f a """' —————— '■ 

Da'^ Dx Dar, dx 



■f R 






\JiA/ \ .X^i/j 



Dx'Da-^ dx 



'Dx \Dx^ 



Dx Da^ dx 



3 5/1 (^ + 



"^!/. 



(^. 



l^tX/ \,kJX aJX XJCtn (Ji 



:^' 



+ 



9 Py, , Dy, da,\ 



dx \D^^ 



~r 



-JLytZ/ XJCCq ox 



(71 
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In this case the infinite quantity dajdx occurs in the term 









J% g^ 1^ 



a f (wu B^i 



Dic2 DajS 



Da,'' 



Da? Da, 



A 



D r/Dy, D% 






3^ 



IteDaj D r/I3y^D3/i 



DYi Dai 
Dai^ 



D^^ I^<^i" 



Daj^ 



D«:?7 D(Xj^ / // Da^^ 



— Js 



2 



JL-'tAy' 






.k m, i>yi 



«|- £5 



h 



D-/i D'l' -Daj D«^ Da^ 
:Da[2 



'I)^Y\Da;Dai/ Da; Da/ 



/^ / Ti% Y Dy^ 



DV //D¥ \^ 

Now it has been shown in (67)-(69) that f^f-:^::^^ and /2/ (Kri) ^^^^ vanish^ but 



/ 



" ■ ^ ■ M « 1 



1 l^^l' 



X-' tv-| 



does not vanish at points on the locus of binodal Hues. 



3 /DY D^ 9<^ \ 

Hence fa ;r- ( :;:r^ + -^--'r-- -^ does not vanish. 

•^ '^ 3^ \ Dx^ ' Do; D^i 3^ / 

3 /D¥. D¥ 3^ \ 

Similarly /^ ^ :=r^l + :^:^^--:;- -~) does not vanish. 
'^ ^^ dx\T)x^ DxDa^ d.v/ 

The order of the term 



JiJJIj JiJiAi Jl_/6vT \JJLi> 



cannot be determined in a perfectly general way, for although D/g/Do) vanishes, yet it 
contains dajdx, da.^/Bx^ Bot.Jdx^ which may be infinite^ since a^^ ot^, a^ are irrational 
functions of the coordinates. 

These results point to the conclusion that d'^A/Bx^ does not vanish at all points on 
the locus of binodal lines. This is readily proved in particular cases. (See Example 5 
below. ) 

HencOj at points on the locus of binodal lines, 4 = 0, dA/dx = Oj 3^'A/&^^ =: ; but 
d^A/dx^ ^ 0. 

Hence, if B =: be the equation of the locus of binodal llnes^ when that locus is 
also an envelope, A contains B^ as a factor. 



MDOCCXCIL A 



y 
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Example 5. — Locus of Binodal Lines ivliich is also an Envelope. 
Let the surfaces be 

[^ {x, y, z)J + 4> (x, y, z) [i/r {x, y, %) — a] + [t/^ {x, y, z) — aj — 



(A.) The DiscriminaM, 

The discriminant is found by eliminating a between the above and 



(j> [x^ y, z) -^ Z [t// {x^ y, z) — a]^ === 



The last equation gives 



^ (x, y, z) — a === ± y { — I <j5^ {x, y, z)] 



Hence the eliminant is 



{[(/) {x, y, z)J + f </> (x, ^, ^) / - i </> {x, y, z)} 



X {[ji> {x, y, z)J - I (j) (x, y, z) 



i^(^. y, ^)} 



[(/> {x, y, z)J [4^ {x, y, z) + -^ 



Hence the locus of ultimate Intersections is 



[(^ {x, y, z)J [<^ {x, y, z) + ^ij\ ^ Q. 



(B.) The locus of Binodal Lines {ivhich is also an Envelope) is ^[x, y, z) 

For let ^, 77, t, be any point on ^ {x, y, z) =: 0. 
Take a = i// (f, 7], ^), and consider the single surface 



0< 



[j> {x, y, z)J + j> {x, y, z) [t// {x, y,z) — y\s {§, rj, C)] + [> (^^ y, z) — -^ (f, 'J?, C)J^ — 



Put ir = f4-X^ 2/ = '>7 + Y, ;a;=:^+2^ then the lowest terms in X, Yj Z are 



Y ^ 4- Y ^^ J- 7 ^^ 

af "^ dv ^ aT 



.— < 



3^ , v^ 1 7^^ 

3| 3^ ar, 



X3;+YF + ZS1 + (X| + Y-+Z 






Hence the origin is a binode. 
Hence <f) (x, y, z) = is the locus of binodal lines. 
Further, because the biplanes a.re, when the origin is at the binode, 



a^ a^ 3^ 



0. 
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The first of these touches the locus of binoclal lines. Hence the locus of binodal 
lines is also an envelope. 

Hence the factor [^ (x, y, z)2^ of the discriminant is accounted for. 



(C.) The Surface ^ {x^ y, z) + -/y = is an Envelope, 
For seeking its intersection with 

[<!> {x, y, z)j + <t> (^. y^ ^.) [^ (^. y^ ^) - «] + D^ (^^ y^ ^) - <^1 = o. 



it follows that 



Put 



therefore 



therefore 



[i/f {x, y, z) ^ aj - 2^7- [xjj (x, y,z) - a] + ^^^ = 0. 

t// {x, y,z) — a — rj/d, 
^3_ 121^4- 16 = 0, 



ie,, {9[\b {x, y, z) — a] — 2}^ {9 [\}f (x, y, z) — a] + 4} = <^- 



Consider now any point ^, r], I on the surface 



[(^ {x, y, z)J + (/> {x, y, z) [t|; {x, y, ^) - a] + [x\s {x, y, z) - aJ = 0, 



for which 



anci 



cf>{^,v,C) + 'if = o, 



V* (f. v^ 



a — f = 0, 



The equation of the tangent plane at such a point is 



3^ 



dck 



dcj>' 



I2cf> ii, v,Q + ^ (f, V, C) - «] [(X -0^ + (Y - v) a, + (2 - Oaf 



+ {^i^,v>0+n^{^,v.C)~<^7} 



'(x-aa7 + (Y->7)|^ + (z-o| 



= 0. 



This reduces to 



(X 



a| + (Y-^)| + (Z-0| 



= 0, 



which is equivalent to 



(X - ^)|+ (Y- r;)|+ (Z - 0§^[ [<^ (^r, ^, C) + -A-] = 0. 



dP 



"XT O 

X Li 
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Hence it touches tlie surface (f) {x^ y, z) + "2^7" = 0. 

Hence ^ (x, y, z) + -^ = is an envelope. 

This accounts for the factor ^ (x, y^ z) + i^f in the discriminant, 

(D). JExamination of the term D^fJDxDai for this example. 
The equation Df/Da •=■ is, in this case^ 



Hence a^ satisfies 



^ (x, y, z) + 3 [t|/ {x, y, z) 



a 



% 



(f>ix,y,z) + 3[xlj{x,y,z) ~ a J = 



and dajdx is determined by 



■g^^ + 6 [^ (^, y. z) 



a- 






ox 



= 0. 



Hence, at a point on the locus of binodal lines^ i.e., where <f){x^ y, z) ^ 0. 
ijj (x, y, z) = a-^, it follows that daJdx is infinite. 
Calculating D^/Dx Da, it follows that it is 



— ^ - — 6 \p (X, y, z) — a -^ « 

Hence, DYJDxDa^^ is equal to the value of — 3^/3.^ at the point on a locus ol 
binodal lines. Hence it is finite. 



(E). Examination of the values of f^Y ^^^ f% 
In this case a^, a^ are the roots of 






Da^ 



4>{^,r,,0-^S[xjj{^,rj,C) 



a 



3 



0. 



n^ 



Therefore, 



TT 

tlence 






f{x, y, z, a^) = l(f> {I 7/, Of + <l> {$, rj, ['I' (f, V> - «2] + bP {^> V> ~ « 



'Df(x,^,^,a^) 



J)a^^ 



^bPi^^vA) — %]= Gy/l — ifj^ii.T], C)}. 



TT 

Hence 



A 



I)% y- 3 



D(2j^ 



6 



<^ (f. ^. 



3/2. 



9 



^ (f^ ^^ 



f^^l{^J=-ih-<l>(^^vA) + ls^ 



S\ 



% 









^(^1?, 0]'''^+ Tos- 
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Hence, at points on the locus of binodal lines, i.e., when (^(f, 7;, Q = ; 



fi^-o f /mY - r ^1^^'" 



Daj^ 



Da, 



108* 



Art. 9.— Consideration of Loei of Unodal Lines which are also Envelopes. 

(A.) It will be shown that this is the case reserved in Art. 1, viz., where 

D'jy'Da,^ = 0. 

For if Dy^/Da/ = 0, i.e., [a, a] = 0, be substituted in the ratios (38), it follows 
that 



a 



, ^] = 0, [«, 7?] = 0, [«, C[ 



0. 



Substituting these in (24)-{26), it follows that 



[^,^]m + [^,v']{^) + [^,C]{K} = (72), 






(73), 
(74). 



Now (72)-(74) are equivalent to one equation only by (38). Hence the tangent 
plane to the locus of unodal lines is 

[f, ^] (X - + K ^] (Y - >?) + K C (z - = 0- 

Now the tangent cone at f, rj, C is given by (53). 

The left-hand side of its equation is by (38) a perfect square. 

Hence the uniplane is 



* » 



(75). 



Hence the uniplane is the same as the tangent plane to the locus of unodal lines. 
Hence the locus of unodal lines is also an envelope. 

(B.) The converse proposition, viz., that if the locus of unodal lines be also an 
envelope, then [ct, a] = 0, will now be proved. 

If ^ + Bi, 7] + 8r], C + §C be a point on the locus of unodal lines near to £, rj, C? 
then the equations (24)-"(27) hold. 

If the locus of unodal lines be also an envelope, then the equation of the uniplane 
(75) is satisfied by the values X = £ + 8f, Y = t? + St?, Z = ^ + SC 

Therefore 

[f, ^] m + [f, v] i^v) + [^> Q (H) = 0. 
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Comparing this with (24), it follows that 



^^ 



Hence, by (38), 



^>^ 



a, a 







0, 



(C) In this case, the values of da-Jdi\ dajdy given by (47)^ (48), are indeterminate 
For, because [a, a] =: 0, it follows by (38) that [a, f] = 0^ [a, 97] = 0, [a, C] = 0- 
Hence, to determine dajdx, it is necessary to differentiate (44) with regard to x. 
Therefore 






dccjV^ 



d^a^ 



IL t ^] + 2 [t ^. «] -^ + [^. ^, ^] f g^M + [^. ^] g^ 







(76). 



Hence, because [a, a] = 0, and assuming that 9%;i/3,x^ is finite, da^jdx satisfies the 
equation 



t £ ^1 + 2 [£ a, 



a 



^^"^1 J-. r 1 1"^^^ 







(77). 



Similarly da^jdx satisfies {77). 

HencCj when oj = ^, 2/ = '^, 2^ = L <^h = % ^ a, it follows that dajdx^ da^/dx are 
roots of the same quadratic. 
They are finite provided 



Wil^^i^ ¥= ' 



(78). 



The case excluded is that in w^hich J)f{x^ y^ 2:, a)/Da = is satisfied by three equal 
values of a, when x =: ^, y = r], z-= t,. This case might be investigated in a similar 
manner to the case in which the above equation is satisfied by only two equal values 
of a, when cc = |^, 3/ = i^, ^ == ^. 



D. Examination of the Differential CoefficiepJs of A, 

In this case A and its difibrential coefficients are given by equations (51), (52). 
(70), and (71). From these it can be seen, without solving the quadratic (77) for 
da^/dx, Bajdx, that A, dA/dx, d^A/dx^, d^AJdx^ all vanish, when x ^ ^, y = 7], z ^ I, 

In like manner it can be shown that all the thii^d differential coefficients of A 
vanish ; and, therefore, if U = be the equation of the locus of unodal lines which is 
also an envelope, A contains IJ^ as a factor. 

Example 6. — Locus of Unodal Lines ivhich is also an Envelope. 



Let the surfaces be 



[(f> {x, y, z)J - [xIj (x, y, z) 



a 



0. 
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{A.) The Discriminant. 

The discriminant is found hj eliminating a between the above equation and 

3 [xjj {x, 7/5 z) — af =^ 0, 
Hence it is [</> (x, y^ z)f. 
Hence the locus of ultimate intersections is 

\<j>{x,y,z)'f^O. 

(B.) The locus of Unodal Lines ivhich is also an Envelope is (f) (x, y, z) = 0. 

For, let ^5 77, C b^ ^^J point on the surface (f> {x, y^ z) rr 0. Take a = \ls (fj t]^ Q^ and 
consider the single surface 

l^ {^'. y, '^)J — W^ (^'^ Vr ^4 "~- ^ it v^ Of — ^^ 

Put 

X= ^ + X, y ^Tj + Y, Z::^ C + Z. 

Then the lowest terms in X, Y^ Z are 

9| + Y ^^ + Z |f~)'l 

Hence f, i^, ^ is a unode on the surface 

Vi> (^. y^ '^)f - [^ {^^ y^^) -^ (^. v^ Of ^ 0' 

Hence the locus of unodal lines of the surfaces under consideration is <j) (x, y^ z) == 0. 
Moreover^ the uniplane 

X ^^ 4- Y '^^ 4- Z ^ =. 

d| or] df 

is also a tangent plane to the locus of unodal lines. 
Hence the locus of unodal lines is also an envelope. 
Hence the factor [(/> {x, y^ z)]^ in the discriminant is accounted fon 



Section HI. (Arts, lO-d 1).— Supj.*lementaky Bj3MA:RKia 
Art. 10.— Further remark on the case in which Df^JDa^^ ^^ 0. 

This condition indicates in general that the equation Df JDai s- has two equal 
roots, but if/i be of the second degree in a^, "D/JDa^^ m of the first degree in a^, and 
hence it has either one root in a^, or is satisfied by an infinite number of values of a^ 

It is desirable to notice the latter case^ because it corresponds to an important case 
treated in Part IT., Section IV.^ of this paper, 
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Let y= Ua^ + 2Va + W = O5 where U^ V, W are rational integral functions 

01 Quj t/j 2/« 

Then the conditions /* = 0, 'Df /Da ^^ 0, D^f/D(r = are equivalent to 



TJa + V 

U 



0. 

0, 



at all points of the locus of ultimate intersectionSe 

Hence U = 0^ V = 0, W = at all such points. 

Hence unless U^ Y^ W have a common factor, which could in that case be removed 
from the equation /= 0, the locus of ultimate intersections is not a surface^ and hence 
its equation cannot be obtained by equating a factor of the discriminant to zero. 
Hence this case need not be further considered. 



Art. II.— If the surface f{x, y, z) = have upon it a ciirve at every point of which 
there is a conic node^ then the tangent eoties at the conic nodes must break u]j 

into two planes.^ 

Let £ 7^, ^; f + S^5 ')? ■+- S'>?j C + SC ; be neighbouring points on the curve. 
Then since there is a conic node at ^^ y)fCl 



fii. V^ I) - 0, Df/Di = 0, -Df/DTj ^ C\ ly/DC - 0. 

And since there is a conic node at |^ + §£ ^ + %? C + ^L '^out other equations hold, 
which by means of the above give 






0. 



0, 



0. 



Eetaining only the principal terms in tlie last three equations, it follows that 



* The geometfy pf 3, surface of cotatihuous cufVature .shows at ottce that thei'e cannot be a ctoTe of 
poB.ioal points on a snrfaoe. 
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[^, f] m + le, Vl ih) + K Q (SO = 0, 

[y,, ^] (Sf ) 4- [v, v] (h) + b, Q (K) = 0, 

a, i] (S^) + [C, v] (h) + [C, Q (SO = 0. 

These equations must be consistent, and therefore 

This is the condition that the tangent cone at ^, rj, {, viz. :— 

[^, ^^ (X - ^f + H ri] (Y - -nf + [L Q (Z - if 

+ 2[:7,C](Y-^)(Z-0 + 2[^,|^](Z-C)(X-^) + 2Ko7](X-0(Y-o7) = 0, 
may break up into two planes. 

PART 11.— THE EQUATION OP THE SYSTEM OF SURFACES IS A RATIONAL INTEGRAL 
FUNCTION OF THE COORDINATES AND TWO ARBITRARY PARAMETERS. 

Section L (Art. 1).--Peeliminary Theobems. 

Art. 1. (A.) If ^, rj, ^ are the coordinates of any point on the locus (f>(x, y, z) =: 
{where ^ is a rational integral indecomposable function of x, y, z), and if the 
substitutions x = ^, y ^= r), z= I make \}j {x, y, z) and all its partial differential 
coefficients with regard to x, y, z up to the n^^^ order vanish, and if they also make 
any one of the partial differential coefficients of the {n + 1)^^* order vanish, they 
will also make all the partial differential coefficients of the (n + 1)^^' order vanish 
{\(f being a rational integral function of x, y, z, but not in general indecom- 
posable). 



Suppose that when x = ^, y =zyj^ z= ^, 



dx^'+^dfdz'' 



— r~s 



0, 



where 3 denotes partial differentiation when x, y^ z are independent variables. 
To prove that the same substitutions make 

and 



MDCCCXCIt — 4« Z 



0. 
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It is given that all tlie values of x^ y, z which make <^ ix^ y^ z) ^=- 0^ also make 



n — r'-s 



ow let ^ + S£ '^ + S^5 C + S^ be a point near to i^ rj^ ^ on (f) {x, y, z) = 0. 
Therefore <j) (f, rj^ = 0. 

^(f +§£,'>? + % C + §0 = . . » , . , . (1). 



g»+i ^ 



d^r+l^^s^> 



n — r — 8 



9 * 



(9) 



And since £ tj^ ^ make 



Ti 



^n^ 



dx^'di/dz''-'' 



~s 



0, 



for this is a differential coefficient of the #' order, f + S^, 17 + S'^? C + H must also 
do the same. 
Hence 



3'^+!^ 



9»+i^ 



^n + l ^ 



(S|) 3|;+i g^, 3^«-,-. + (S^) 9|, 9^,+i 9^.-,.-=. + (§0 a^*- a^^ 3^; 



n — i"~s + l 



0. 



Also from (1) 



{Sf)| + (S^)| + (SO|-0- 



Since this is the only relation between 8|", Stj, §4 it follows that 



9»+i^ 



9»+i^ 



Hence, by means of (2), 



— r — s 



^d^r^^s + l^^H-^r-^s 



'd^' 
^ 



&^ + li|r 



9« + l ^ 



v9?'3'^'9^''~''"''^\ 



.ar 



9|:^- 97^^ + 1 9^«~^--^v 



9»+i^ 



3f^9tf 9f«''^*-""^+i 



0. 



In this way it is possible to pass from any one partial diiferential coefficient of 
order (n + l) by successive steps to any other of order (n + l) ; at each step always 
diminishing; by one the number of differentiations with regard to one variable, and 
increasing by one the number of differentiations with regard to another variable. 

Hence all the differential coefficients of the {n + 1)^^ order vanish when a? =: 1*^ 

ni . . I II «rt /%■ ■ » / 
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(B.) (i.) If ^, rj, t,, are the co-ordinates of any point on the locus (j) (x, y, z) = 

(lohere ^ is a rational integral function of x, y, z which contains no repeated 

factors), and if the substitutions x=:^, y = 7), z=^ make xjj (x, y, z) = {ivhere 

\jj is a rational integral function of x, y, z), then \p contains the first power of (j) as 

a factor, 

(ii.) If X ■=■ ^, y =• 7), z -^^ t, make i/; = 0, ^ = 0, then xjj contains the second poiver of 
(j) as a factor, 

(iii.) If X =^ ^^ y = 7], z = t, 7nake t// = 0, -^ = 0, . . . ^ ^^^ _^ = 0, then xfj contains ^""^ 
as a factor. 

To prove (i.) suppose first that (j) is indecomposable. It is obvious that t// cannot 
be of lower dimensions than <f) in any one of the variables ; if it were, then all the 
values of x, y\ z which make ^ = would not make xjj = 0. 

It may happen that cj) does not contain all the variables x^ y, z. But it mast 
contain one of them ; suppose it contains x. 

If (j) be not a factor of i//, proceed as in the process for finding the common factor of 
highest dimensions in cc of ^ and \jj ; and if, at any step of the process, fractional 
quotients in which the denominators are functions of y, z are obtained, let the 
denominators be removed in the usual way by multiplication throughout by a factor. 

Then either the process will terminate, or there will at last be a remainder, which 
is a function of y, z only, not x. 

In the first case (f> and xjj will have a common factor, and <^ wall be decomposable, 
which is contrary to the hypothesis. 

In the second case a relation of the form 

Ai// = B(/> + C 

exists, where A, B, C are rational integral functions of y, z only. In this case, since 
all the values of x, y, z which make ^ = 0, also make i/f = 0, therefore they make 
C = 0. But C is a function of y, z only, not x. Now, the values under consideration 
are values of x, y, z. This is impossible. Hence this alternative does not hold. 

Hence (f> must be a factor of xjj. 

If cj) be decomposable, its indecomposable factors may be taken separately, and 
shown as above to be factors of xjj. 

As it is further supposed that ^ contains no repeated factors, it follows that xjj 
contains (^ as a factor. 

To prove (ii.). 

By the same argument as in (i.) it follows that xjj contains cf) as a factor. Let 

^ 3 
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Therefore, 

X ox ox 

Now the substitutions x:=^, y=^r],z=^t, make ^ = 0, \// === 0, d\jj/dx = 0. 
Therefore they make 

Now all the values of x, y, % which make <^ = ca.nnot make 'b^j'bx =: 0. Hence 
.X r=: f^ ^ — '^^ ^ — ^ must make R varnish. 

Therefore E/ is divisible by ^ without remainder. 
Therefore i// is divisible by ^ without remainder. 

To prove (lii.) proceed by induction. 

Suppose that the theorem, is true for a given value of Wj. viz., that if a^ = f, y = 77, 
2; ~ ^ make i// = 0, 3i///9^ = 0, . . . 9'^"^^ xjj/dx''^"''^ =^ 0, then \jj contains ({>''' as a factor. 
Let it now be given that ^=:f, 2/ = '^)^=^^ ^-Iso make 3^^ xfj/dx^^ = 0, 
Then by the assumption 

XJJ = p^(fy'\ 



where p is some rational integral function of x^ y^ z. 
Therefore 

9«^^ '^r>iA^m 9p3»^™l(^"^ ^ 
'- zz: n — ~~ -4- '^ —^ ™..™»-™-_-»_ J_ 

= P 3^ + 4>x, 

where y^ is some rational integral function of x, y^ z. 

Now 

dx'^ \dx/ ^ 



'7 



where or is some rational integral function of x, y^ 
Therefore 

Hence the substitutions i:c=^, 2/ = i7, 2;=^ make 



p {£) ' ~~~- '^' 



but they do not make d(j)/dx = 0. 
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Therefore they make p = 0, 

Therefore p contains ^ as a factor. 

Therefore xJj contains (jf^'^'^ as a factor. 

Hence, if the theorem is true for a special value of on, it is true for the next value. 

But it has been proved true when m := 2, hence it is true in general. 



(C.) If u, V be determined as functions of other quantities by the equations 

(j) {ii^ v) ■= 0, xfj (u, v) = 0, 

where j> and xjj are rational integral functions of u, v and the other quantities ; then, 
if two systems of common values ofu,v become equal, they will also satisfy the equation 

Conversely, if values of u, v can be found to satisfy at the same time the three 
equations 

then these values count twice over among the common solutions of the equations 

(j) (^u, v) = 0^ xjj {u, v) = 0, 

except in the case where cj) and \(j are of the first degree in u and v ; and then the two 
equations have an infinite number of solutions in common. 

To prove this, let u, v represent the coordinates of a point in a plane. Then 
(j){u, v) = 0, xjj {u, v) = are the equations of two algebraic curves. 

The values of u, v which satisfy at the same time both equations are the coordinates 
of the points of intersection of the two curves. 

Let u = a, V = ^he the coordinates of one point of intersection. The tangents to 
the curves at a, /3 are 

(u - «)^-^^ + (V - ^)^-^^ = 0, 

(U - «) ^^> + ( V - /8) -^-^^1^^ = 0, 

where XJ, V are current coordinates. 

The two tangents will coincide, i.e., the curves have two coincident points of 
intersection, if 

dcl> (u, ^) dyfr (ct, /3) _ dcl> (u, 0) d±{u^ ^ 
da " d^ 3/3 dec 
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i.e., if u = a, V = ^ satisfy 



D l<f>, ir-] 



D [u, v'] 



In the case where ^, xjj are each of the first degree in u, v^ then the theorem 
requires to be specially interpreted, the interpretation corresponding to the fact that 
if two straight lines have two points in common^ they have an infinite number of 
points in common. Hence, in this case, the two equations have an infinite number of 
solutions in common. (This particular case is of great importance in Section IV. of 
this investigation.) 



(D.) To determine the conditions that the equations (f>{u, v) = 0, i/^(t/y, v) = 0^ may 
be satisfied by three coinciding systems of common values. 

In this case, considering as in (C) that it, v represent the coordinates of a point, the 
curves (^ (u, v) =^ 0, xp (u, v) = must have contact of the second order. 

Now 

3^ 8<^ dv ^^ 

du dv du 



Therefore 



dv? du dv dib dv^ \duj dv d%i? 



0. 



dH 
d%i^ 



d^ld^ 
di(? \dv 



2 



dudv du dv dv^ \du 



^30 

dv 



\-l^ 



Hence, equating the values of dh/du^ for the two curves, there is obtained the 
further condition 

'^i /3^\ ^ 

du^ \dv^ 






dudv du dv 



d6' 

dv^ \duj _\\dv 



du^ \dv ) dudv du dv dv^ \dio J 



d_f 
\dv 



3 



Section II. (Arts. 2-12).— The Factors of the Discriminant, which in 

GENERAL CORRESPOND TO EnTELOPE AND SINGULAR PoiNT LOCI. 

Art. 2e — The Fundamental Equations. 
Let the equation of the system of surfaces be 



f{x, y, z, a, b) ^ 



^ (.. » a ^ t 



» d 



(3), 
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where a, h are independent arbitrary parameters, and / is a rational integral 
indecomposable function of x, y^ z, a, h. 

The locus of ultimate intersections is obtained by eliminating a and h between 
(3) and 

D/ {x, y, z, a, I) 



Da 



(A\ 



Jifix, y, z , a, h) _ , . 

Db ^ ^' 

where D denotes partial differentiation when x^ y^ z, a, 6 are treated as independent 
variables. 

Let the result of the elimination be A = 0, then A is called the discriminant. 

If X, y, z are chosen so as to make any factor of the discriminant vanish, it indicates 
in general that it is possible to satisfy equations (3), (4), (5) by the same values 
of a, h. Hence x, y, z can be expressed as functions of a, 6. 

In this case x ^. cj) (a, b), y = -(JJ {a, b), ^ = x (<^? ^' 

Eliminating a and b a surface locus is obtained. 

This is the general case. The exceptional cases are noticed in Section VI. , Art. 30. 

Art. 3. — The Loci of Singular Points of the System of Surfaces. 

The equation of the locus of singular points on the surfaces (3) can be obtained by 
eliminating a and 6, between (3), and 

Bfjx, y, z, a, h) .. 

•Y-\ ■ """" \J » « e • • • • • • \ / ? 

XJJU 

^f ipt y> ^> ^) ^) r\ /fj\ 



D/ («, y, % a, V) 
T)z 



= (8), 



The singular points are in general conic nodes. 

The locus of conic nodes is therefore a curve, whose equations are given by 
eliminating a, b between (3), (6), (7), (8). 

It follows, also, by eliminating x, y, z between the same equations, that there is a 
definite relation between a, b. 

If ^, Tj^ t, be the coordinates of the conic node on the surface 

T \X^ y ^ Zj ot, ^ ) '^-^ u , . . « • > • • ♦ \ /5 
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and f + §^3 '^ + 2'^? C + ^C the coordinates of the conic node on the surface 

f{x, y,z, ot + Sa^ ^ + S^) = (10), 

then the following equations all hold at the same time^ 



f{t V^ L ^1 ^) = 



» • » 



» » » 



. . (11), 



DAf, 


V> t «■: 


/3) 




D^ 




D/(e 


V, ?, «. 


/3) 




D-n 




Wil 


V, ?■, «. 


,^) 



D? 










a e 9 



» « ft 







. ( X o )j 



« » • • » • • «\LTb/ 



and four other equations^ which^ by means of the aboye, become 



^^' (S-) + i^ (S/8) 



Da 



i:)/3 



B « 



(15); 



[e 1^] (SO + [^; vi i^v) + [^. a im + II ^] (Sa) + II 13] m = o . (u) 



[^. ^] (80 + Iv^ Vl i^v) + b^ Q im + h. 0.] (8a) + [^, ^] (S^) =. . (17) 



[L ^} (81) + [C ^] (8^) + [C. a (80 + [4 ex] (8a) + [C, ^] m - • (18). 



If 8rx, Bfi be eliminated from (15)™(18), the ratios SiiSr): 8{ are determined. These 
ratios determine the tangent line to the curve locus of conic nodes. 

If /3 be determined as a function of a, so that (11)-(14) can be satisfied by the 
same values of ^^ r], ^, then the equations (11) and (15) show that the locus of conic 
nodes is a curve lying on one of the general integrals of the partial differential 
equation of the surfaces (3). 



Example 1. Curve Locus of Conic Nodes, 
Let the surfaces be 



x^ + e(y -- ^ of + (^ — " i &)^ — CO? + ^ + ^ = . 



• « 



• (19). 



where e, c are fixed constants ; a, b the arbitrary parameters. 
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(A.) The locus of conic nodes is the straight line, 

X =- -^c^ y + ^ = -g C'\ 

To find this locus it is necessary to eliminate a, b between (19) and 

Dx ^ 

^^=2e{y-ia) = (21), 

g=2(.-J?>) = (22). 

Therefore 

X =^ ^ c, y =1 -^a, z =■ 2 u, y -f- z =- -^ c . 

Hence the locus of conic nodes is the straight line, 

x = \c, y + z = \c^ . . (23). 

(B.) The locus of conic nodes lies on the genercd integral of the partial differential 
equation of the surfaces (19) obtained by putting b = ^c^ — a. 

To determine this general integral take the values of x, y, z from (20)-(22), and 
substitute in (19). This gives a + & = \c^. 

Hence the general integral is obtained by eliminating a from 

x'^J^ e{y^\af + {z + \a -- \c^f --' ex ^ ^c^ = 0, 

and 

— e(y-^a) + (0+ |a - ic^) = 0. 

Hence it is 

e{y '\-z- \c^f + (I + e) (^ — h^f = 0. 

It contains the locus of conic nodes, whose equations are given in (23). 

(C.) The locus of conic nodes does not lie on the locus of idtimate intersections. 

For the equation of the locus of ultimate intersections is obtained by eliminating 
a, b between 

f-=zx^ + e{y'-'\af-\- {z — \bf — ex + a + b = 0, 

§J=.-(.--i&)+i-o. 

MDCOCXCII. A. 2 A 
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It Is therefore 

1 

x^ — c^ + 2y +-2^ — 1 — - := 0. 



e 



This does not contain the locus of conic nodes« 
It is an envelope touching/* at the two points 



9 i \ A 

'2 



G G" 1 

2 \4 e> 

1 



Art. 4. — Investigatioa of the conditions which are satisfied at any point on the Locus 

of Conic Nodes. 

In the preceding article it was shown that the surfaces (3) have in general a curve 
locus of conic nodes. 

If, however, every one of the surfaces (3) has a conic node, then equations (3), (6), 
(7), (8) are equivalent to three independent equations only, and the locus of conic 
nodes is a surface, whose equation is obtained by eliminating a and h between any 
three of the four equations (3), (6), (7), (8). 

It will be proved that such a surface locus of conic nodes is a part at least of the 
locus of ultimate intersections. 

With the notation of the last article, equations (ll)~-(18) hold ; but now there is no 
relation between a and ^. 

There is a conic node on the surface 

fix, ?/, 2;, a + Sa, ^) =:= . . . , . . . . (24). 
Hence (15) must hold when S^ = 0. 
Hence 

Similarly 

Df/Dl3 = ,.»..,.... . (26). 

Since (11), (25), and (2G) hold at all points of the conic node locus, it follows that 
the conic node locus is a part, at least, of the locus of ultimate intersections. 

The position of the tangent plane to the conic node locus may be obtained from 
(1 6)-(l8) by eliminating Sa, 8^ ; and then using the relations 
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^^ " ^'^ - ^^ ..... : (27), 



• c 



X—^ Y — 7} Z — ^ 

where X., Y , Z are curreDt coordinates. 

Since (25) and (26) are satisfied at all points of the conic node locus, they are 
satisfied when f, y, C, a, jB are replaced by f + 8f, -q + St;, ^ + S^, a + S^? y8 + 8^ 
respectively. 

Hence 

[a, e] m + [«, ^] (s^) + [«, a (§0 + [«. «j (s«) + [«. ^] m = o . (28). 

[y8, ^] (Sf ) + [A rA (h) + [A C] m + [A «] (Sa) + [A /3] (8^) = . (29). 

Now (28) and (29) are not independent of (16)~(18). 

For if Set, 8/3 are definite infinitely small quantities, then (16)-(18) determine the 
values of 8f, 87;, 8^ corresponding to the conic node on the surface (10). Substituting 
these values in (28) and (29), and observing that 8^, 8y8 being independent may be 
supposed to vanish separately, the following relations are obtained (using the usual 
notation for Jacobians) :— 

» [ [?]> w> m> [«] ] „ 



^ [ IB bi [fl, m ] 
B[ I, ^, ?, « ] 



. . . . (30), 



/ ^ 1 '^ 

\J c e . . » • e . lt^i/» 



D [ m. [^]. m. m i __ . ^no^ 

j)i^, V, K, B ]'~ ■ ' • • • • • • ^ '- 

Other similar relations exist wdiich may be found by taking any four of the 
equations (16), (17), (18), (28), (29), putting any one of the five quantities 8f, 877, 8^, 
Z(iL^ 8/3 equal to zero, and expressing that the equations give consistent values for the 
four quantities which remain. 

Hence any minor of the fourth order of the Jacobian 

vanishes. 

^Yt 5.— Investigation of the conditions which are satisfied at any point on the Locus 

of Biplanar Nodes. 

The equation of the tangent cone which, in this case, becomes the equation of the 

biplanes, at the singular point is 

2 A 2 
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IL fl (X - if + [v. v] (Y - vY + a, c (z - cr 

+ 2[r,,C](Y-,j)(Z-0 + 2[C,f](Z-0{X-f) + 2[^,r,](X-f)(Y->,)=.0 . (33) 



This breaks up ii^to factors, linear with regard to X — ^, Y — rj, Z — I. 
Therefore 



ij[^> v^ n 







« 9 # ff 



« d « 



. (34). 



Now if in (16)-(18), S/3 be put equal to zero (which is possible^ since there is by 
hypothesis a blplanar node on the surface (24))^ the values of Sf/8a, Srj/Sa, S{/Samust 
be finite. 

But the denominators of the values of these expressions vanish by (34). Hence 
their numerators also vanish„ 

Therefore 



i) 


I ^ > V 


. ? ] 


D 


[ [?]. [r] 


' w. 


T) 


. ^ ^ V 


> ? ] 


D 


[ bl K 


. ["] ". 



D[ f . 


V , 


a 


1^ r [?], 


>1. 


[?]] 


D[ ?. 


?> 


a 


D [ m, 


^■^]' 


m] 







« « • \0*J^j 







9 d A 



(36): 



DC^.-^)?"] D[??,f,a] 







e « • e • \ tJ I im 



And. similarly it can be shown that the following equations obtained by changing 
into )S in the above also hold good :■ — 



D [ [fl, [vl W ] ] = u [ [fl. h], [?] ] 

B[ ^, ^, ? ] D[ f , ?, /9 ] 

1) [ ['?]. [?]. w ] = D [ [fl, [^], [a ] 







» s 



(38). 







« « « * » lt_^*/lj 



Ve 9 » » »' * \/* 



From these it follows that (16)-(18) are equivalent to two independent equations 
only in this case. 

Now consider equations (16), (17), (28). 

The equation (35) makes the determinant formed from the coefficients of 8f, Sri, S^ 
in them vanish. Hence it bears to them the same relation that (34) beai^s to 

(16), (17). (18). 

Therefore (16), (17), (28) are equivalent to two independent equations only. 
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In like manner (36) shows that (16), (18), (28) are equivalent to two independent 
equations only. 

Also (37) shows that (17), (18), (28) are equivalent to two independent equations 
only. 

Hence (28) and any two of the equations (16), (17), (18) are equivalent to two 
independent equations only. 

Similarly, by means of (38)-(40), it can be shown that (29), and any two of 
the equations (16), (17), (18) are equivalent to two independent equations only. 

Hence the five equations (16), (17), (18), (28), (29) are equivalent to two inde- 
pendent equations only in this case. 

Since (16), (28), (29) are not independent, it follows that (amongst other relations) 



D [ [fl, [«]. W] ] 







tt * a 



(41) 

• » ... 1 \I. -L f , 



and 



D[ .;, a, ^ ]^D[ f, a, ^ ] 



= (42). 



Art. %,— Investigation of the conditions lohich are satisfied at any point on the Locus 

of Uniplanar Nodes. 

In this case, the left-hand side of the equation (33) becomes a perfect square. 
Therefore 



. » 



. . . (43). 



Now, multiplying (16) by [r), f], (17) by [f, ^], and subtracting 



(S«) {[^, a] [ri, f] - h, «] [I f ]} + m m ^] [v, ^] - lv> ^] li «} = . (44) 



Now, there is a uniplanar node on the surface (24)^ hence S^ may be made to 
vanish. 

Therefore 

i^ ^] IV^ ^1 - bl> 0^2 [^ J] = ...... . (45). 



Similarly 



Therefore 



It ^] [v> i] - Iv, 0] [^> ^] = 0. 



Now^ (43) and (46) show that (16) and (17) are equivalent to one independent 
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equation only. Similarly (16) and (18) are equivalent to one independent equation 
only. 



Hence the following ratios hold 



it f ] : 


.t v] '■ 


[i> Q ■ 


is ^l 


: [i, ft 


M^ f ] '■ 


7], rj] : 


yj> Q '. 


7], a 


: [>?. ft 


11 n ■■ 


X v] ■ 


[C, Q : 


~X, «] 


: U, ft 



(47^ 

Applying (47) to (16) and (28)^ it follows that these two are equivalent to one 
independent equation only. 

Similarly (16) and (29) are equivalent to one independent equation only. 

Hence the five equations (16)^ (17^ (18), (28)^ (29)^ are equivalent to one indepen- 
dent equation only, and^ therefore, the following ratios hold 



Kfl 


: [f, rj] : [^, Q : 


:i «] : [t ft 


[v^^^ 


• [v> v] '■ IV' Q ' 


Tj, a] : [t], fi 


[Li] 


'■ [L y)] ■ [L Q '• 


[L «] : [C> ft 


>, i_ 


'• [«' v] '■ ["' Q '■ 


a^ aj : [a, fi 



[/3, f ] : [^, 7]] : [0, Q - [A «] : [^. A 



(48). 



Art. 7 .—Examination of the Form of the Discriminant, and Calculation of its 

Differential Coefficients of the First and Secofid Orders. 

Let aj3 h^i a^^h^; ... be the common roots of (4) and (5), and let it be supposed, 
in the first instance^ that at points in the loci considered these sets of common roots 
are all distinct. 

Then if 

A = .A/ \^x^ y^ z^ a^^ ^i) J \p^ Vi '^i ^^^ ^2/ " * * K^"^}^ 

where A is a factor introduced to make the discriminant of the proper order and 
weight, the result of eliminating a and h between (3), (4), and (5) is 



0« 



Writing for brevity 



ix "^ — -*-^/ 1*^3 y ^ ^p ^1? ^] / ^""^ ^j 



(50), 



aA Be 



'X 






D/ , D/ da^ , ])/ db 



Da^ dx 



4" 



D&j^ dx 



To determine dajdx^ Bb^/dx tliere are the equations 






I)/ 



I) 



(5 
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These give 



[x, a,] + [a^, aj ^ + [a,, 6J ^ = 



da-i 



db, 



y 



• « 






[x, hj + [a^, 6 J ^ + [b„ 6 J ^: = 



Similar equations exist for finding 



3«i dby , da^ dbj 

^ d// (jz do 



These, however, are not yet required, it being seen at onc3 that, in general, 



w aw Dj3 



« * •. • 



» « • • 10 »j). 



[For a case of exception, in which r-— -— + ^ ^ does not vanish, see Art. 19, 
Ex. 11, K] 

Differentiating again with regard to x, 



a^A a^R . , ^ BR D/ , ^ 



dx^ 



dx Dx 






^D.'??^ D.^' Da^ dx 



• • 



(54), 






mml-mm '— -—" —— ™ - — i m Ja f 



J)x 1)// J)x Da^ dy Ux Dij di/ 



. (55). 



Hence, by (52), 



a^A a-R . , ^ aR D/ , ^ 



D 



dx^ a«^ 



CiAy J_7X 



'5/ , ^ , 5/ 

Dx Da^ Dbj 
J) [.??, a J, 6 J 



D 



D/ ^ 



IJ [«!, 6 J 



. . (56), 



dx dy 



a^R /. . 3R 5f , 9R D/ 

dxdy*^ dx Dy dy Dx 



D 



Df 1)/ B/ 



D 






D [x, a^, bj 



D K, 6J 



. (57). 



Art. 8,—- Proof of the Envelope Property. 



Let ^, 07, ^ be a point on the locus of ultimate intersections, and let the values of 
a, b satisfying the equations (3), (4), (5) when .x = ^;, y =z tj, 2j = ^, be ot, /3. [It 
will be supposed first of all, that only one value of a exists, viz., a, and only one value 
of h exists, viz., /8. But the following cases will afterwards be noticed, viz., (1) 
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where more than one system of distinct values of a, h exist, and (2) the particular 
case of the preceding in which two systems of values of a, b exist which coincide.] 

In this case equations (H), (25), (26) are satisfied. 

Hence when a? = f, y = t;, ^ = {, 

A — 



and 



dx 



becomes 









Hence when x ■= ^, y ^=- tj, z ■=:: I, 

ar / D^ """ dy I Dz/ ^ "dz / I). " ' ^ ^* 

Hence the tangent planes to A = 0,f{x, y, z, a, ft) = 0, coincide at ^, r;, {. This 
proves that the locus of ultimate intersections is generally an envelope. 

It should be noticed that the proof shows that the locus of ultimate intersections 
touches in general at each point on it one of the infinite number of surfaces of the 
system passing through that point. This will be referred to in future, to distinguish 
it from more complicated cases, as a case of the ordinary envelope. 

It should also be observed that the above conclusion cannot be drawn if 
x= ^,y = 7j,z= C make Df/J)x = 0, Bf/By = 0, Df/Dz = 0. 

Hence the investigation itself suggests the examination of the case in which a locus 
of singular points exists. 



Art. 9.— To prove thai (f E = be the equation of the Envelope Loeus, A contains 

E as a factor once and once only in generaL 

(A), li X =^ ^, y = 7j, z = t, be a point on the envelope locus, then suppose that 
the values of a, b satisfying (11), (25), (26), are a, ^. 

Then one of the systems of values of a, b satisfying (4) and (5), must become equal 
to a, p when cc == f, y = 17, 2: = ^. 

Suppose that a^ becomes a, ?>j becomes /3o 

Hence A becomes R/(f, ^, Cj ^^ /3), where R' is what R becomes, and therefore 
A vanishes. 

Hence by Art, 1, Preliminary Theorem B, A con tains E as a factor. 

Further, A does not contain E more than once as a factor in general, for the value 
of 3 A/9ir given by (53) does not in general vanish. But it would vanish if A con- 
tained a power of E above the first as a factor : for suppose A == E"^ , i//, where m is a 
positive integer greater than unity, and \}j some rational integral function of x, y, z. 
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Therefore 

ox ox ^ 1%V 

Hence when x = ^. y = yj^ z =t,, d A/dx =: o. 

Consequently, A contains E once, and once only in general as a factor. 
(B). It is necessary to examine the cases of exception. 

(i). If equations (11), (25), (26) are satisfied by more than one set of distinct values 
of a, 6 ; take, for example, the case where there are two sets of solutions, a^, ^^ ; a^, fi^. 
Let %, 6|, a.2, \ become a^, /3|^, a^, ^^ respectively, when x = ^, y =. t], z =^ I, 
Putting 

A = Wf{x, y, %, a^, &i) f{x, y, z, %, 63) (59), 

+ E/(.., ^, ., a„ &,) M^^lp^A) . . . (60). 
Now, when x= ^, y •=: r}^ z = I, 

f{x, y, z, ^1, 6^) becomes /(^, 17, {, a^, /S^) and vanishes, 
y (^> 2/? ^? %> ^3) becomes /(£ ?;, ^ a^, yS^) and vanishes. 

Hence dAJdx vanishes. Similarly 3A/3y, 3A/3;^ vanish. Therefore A contains E^ 
as a factor. 

Similarly if there be p distinct sets of values of a, h satisfying (11), (25), (26), 
it can be shown that all the partial differential coefficients of A up to the {p — 1)*^ 
order vanish. Hence A will contain E^ as a factor. (See examples 4 (C), 5 (C. ii.), 
6 (0.) in Arts. 10, 11, 12 respectively.) 

(ii.) The case in which two of the systems of values of the parameters satisfying 
equations (11), (25), (26) coincide, is dealt with in Arts. (12)-~(25). The case, in 
which more than two systems of values of the parameters satisfying equations (11), 
(25), (26) coincide, may be treated in a similar manner. 

Example 2.— Ordinary Envelope. 

Let the surfaces be 

z '\' {x — a) {y — h) — 0, 
(A.) The Discriminant 

A = 2;. 
(B.) The Envelope Locus is z = 0, 

Every point on ^ = is the point of contact of one only of the surfaces. Hence 
z occurs as a factor once only on the discriminant. 

MDGCCXOII.— Ae 2 B 
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It may be noticed that z = touches each of the surfaces at one point only, 
X =: a^ y '^ />. This result may be compared with the next example. 

Example 3,-— 'Ordinary Envelope. 

Let the Gurfaces be 

z + {x — - a) i^ + |/^ « 6) =: 0, 

[k,) The Discriminant. 



(B.) The Envelope Locus is % =^ 0. 

Every point on a; ^ is the point of contact of one only of the surfaces. Hence 
% occurs as a factor once only in the discriminant 

It may be noticed that ^ = touches each of the surfaces at two points^ v\z,^ 

Art. 1^. —To prove that ifC^Ohe the equation of the Conic Node Locus^ A contains 

0^ as a factor in genei^al. 

Let ^j 7j, ^ be a point on the conic node locus^ then equations (11)-(14) are satisfied. 
Hence, by (50), the substitutions x = ^, y =^ r/, z = 4 make A == ; and^ by (53), 
they also make dA/dx = 0. 

By symmetry they also make dA/dy = 0, dA/dz ^ 0« 

HencOj by Art. 1^ Preliminary Theorem B, A must contain C^ as a factor. 

Example 4^,— Locus of Conic Nodes. 
Let the surfaces be 

a (i^ — a)^ + /3 (j^ — l)f + Qm[x — a) (i/ — 6) + yz^ = 0^ 
where a^ /3, y, m are fixed constants^ a^ b are the arbitrary parameters. 

(A.) The Discriminant 

To eliminate a and b between f=0, Df/Da = 0, D//D& = 0, is, in this case, th 
same as eliminating x — a, y — b between 

/ ~- --*^ - -" --^-^^^--^ — * 



e 



ie,j making the equation homogeneous by putting 

^ — . r/ — Y/Z ni ^h — Y/Z 

it is necsssary to find the discriminant of 
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The invariants will in this, and in several of the examples which follow, be calcu- 
lated from the results given in Salmon's ' Higher Plane Curves;' Second Edition, 

Arts. 217-224. 

The invariant S = ma^yz^ — m^. 

The invariant T ^=^ a^p^y^z^ — 20 m^aftyz^ — 8m^. 

Hence A = T^ + 648^ === a^yz^ {a/3yz^ + 8m^f. 

(B.) The Conic Node Locus is z = 0, 

Transforming the equation to the new origin a, b^ 0, the lowest terms are of the 
second degree. 

Hence the new origin is a conic node on the surface. 
Hence ;^ = is the conic node locus. 
Hence A contains z^ as a factor. 

(C.) Three non-consecutive Surfaces of the System touch each of the planes 
= -^ ( — Sm^/exjSy)^^^ at each point. 

To prove this^ the tangent planes to the surfaces which are parallel to the plane 
z ■r=. will be found. - 

The tangent plane to the surface 

a{x •— cif + fi {y — hY -^ 6m (x —a) (y — 5) •+ y^^ = 
at f, 77, C is 

(x — i) [3a (£ — a)'^ + 6??2 {7] — 6)] + (2/ — '>?) ['^/S (77 — bf + 6m (^ -— a)~ 

+ (^ --. C) 27C = 0. 

If it be parallel to 2; = 0, the coefficients of x and y must vanish, but the coefficient 

o{ z must not vanish. 

i nyx exvji vy, 

a{^—a)^+2m{rj — h) = (61), 

/3{7) — hf + 2m{i-a) = (62). 

From these, and from the condition that i, t], ^ lies on the surface, 

2m{i-a){ri-b)+yC'=0 (63). 

If these be satisfied, and t, do not vanish, the tangent plane is z = ^. 
The solutions of (61), (62), (63) are 

- a=0, 77-6 = 0, C=0 (64), 

f - a = - 277ia-2/3 ^-1/3 ^ ^ _ ^ ^ _ 2ma-^/3 ^-2/3 ^ ^=±{~ 8mV«/8y)'^^ (65), 

^^ _ a - _ 2ma>a"2/3 ^-1/3 ^ ^ _ ^ _ _ 2m(o^o!.-^/-^ jS'^'^ C= ±i- ^m^loLJ^yf^ (66), 

£ „ a = - 2ma)2a-2/3y8-V3^ ^ _ & = _ 2mcoa-i/3^-2/3^ 1= ±{— Qm^ja^yY^ (67), 

"where CO is an imaginary cube root of unity. 

^ a A 
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The solution (64) corresponds to the locus of conic nodes. 

In the case of the solutions {65)-(67) the tangent plane at i, t), C^b z = ^, 

Hence either of the planes ^ = ± (— SmP/afiyY^^^ touches at any given point on it 

three of the surfaces of the system, viz.^ those whose parameters are given by the 

equations 

a= i+ 2mcu^a-2/3 ^-i/3; b :^ t) + ^mma^^'l^ ^0"^^^' 
Hence by Art. 9^ B (i.)^ each of the factors 



1/2 



may be expected to occur three times in the discriminant. 
This accounts for the presence of the factors 

^z + (~ 8mya0y)y^}^ . (^ _ (_ 8mya0yyf^}^ 

(# + 8mP/a0yf 
in the discriminant. 

Art. ll.~Jb prove that if B = he the equation of the Biplanar Node Locus, 

A contains B^ as a factor in general 

Let £, '>;, ^ be a point on the biplanar node locus. Then equations (11)-~(14), (41), 
(42) are satisfied. 

The argument of ihe preceding article applies so fiir as A and its first diiferential 
coefficients are concerned. 

But further the values of 3^A/9x^, d^'-A/dxdjj, given by (56), (57) vanish, in virtue of 
the above mentioned equations, except in the case (to be considered presently) where 
the substitutions x = ^, y :=• yj^ z z=: I, make 



D 






I.) [a^ , bj 

* 

B[H.[/3]] 



0, 



68), 



From the symmetry of the variables it follows that all the other second diflPerential 
coefficients of A also vanish vphen x = i, y ~ tj, z = ^ {ov the same results follow by 
Art. 1, Preliminary Theorem A). 

Hence by Art, 1, Preliminary Theorem B, it follows that A contains B* as a factor. 
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Example 5,— Locus of Biplanar Nodes, 
Let the surfaces be 

a(x — aY + o('{y — hy + 6m {x — a — z) {y -^ h — z) ■= 0, 

where a, m are fixed constants ; a, b the arbitrary parameters. 

(A.) The Discriminant. 

With the notation of the last article, the discriminant is the same as that of the 
equation 

«X« H_ aY3 + 6m (X - zZ) (Y - .Z)Z = 0. 
Therefore 

S = 2m^aV — m*. 

T = 36m^aV — Um^A^ + 24m%V — 8m«. 

A = Um^ah^ {9az + Am) (3aV — 6moiZ + 47n^)l 

(B.) The Biplanar Node Locus is z =: 0, 

Transforming the equation by the substitutions x := a -{-yi, ?/ = & + Y, = Z, it 
becomes 

aX' + aY^ + 6m (X - Z) (Y - Z) == 0. 

Hence the Dew origin is a biplanar node on the surface. Hence ^ = is the locus 
of biplanar nodes. 

(C.) (i.) The Ordinary Envelope is 9az + 4m = 0. 

(ii.) The Envelope such that every point on it is the point of contact of two 
non-consecutive Surfaces is 3ah^ ■— 6mixz + A^n^ = 0. 

To prove these statements it is necessary to find the tangent planes parallel to the 
plane z = 0, 

Hence it is necessary to have 



V.t/. J 



/=0, Df/Bx = 0, D//D2/=0, Df/Bz ^ 0, 
a{x — af + a(y -- bf "}' 6m{x — a -- z) {y — h -- z) =: . . (69). 



a 



{x — a)'^ + 27n{y -- b — z) =z . . (70). 



^{y — bf + 2m{x — a -- z) =: . . (71). 

x-a-z + y^b-'-z :^ . . (72). 
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From (70) and (71) either 

X — a ^- y — b , . . . . . . . . (73)5 

or 

a (x — a) -\" a(y — h) = 2m ........ (74). 

(i.) Taking (73)^ and eliminating z and (y — &) from it and (69)^ (70)^ it follows 

that 

(x — aY i^' — a 4- 4m/e3a) =:= 0. 



ow, if 0^ — a = 0, then ^z — & = by (73), and 2; == by (69). 
Hence (72) is not satisfied. This solution corresponds to the biplanar node locus. 

y ^ b z=z ^ Am/3a by (73), 

z= -^ 4m/9a by (70 )« 

These values satisfy (69)-(72). 

Hence ^ == — 4.m/9a is an envelope. Each point ^,r], — 4m/9a on it is the point of 
contact of one surface of the system whose parameters are 

a ™ £ 4* 4:m/3a, & = ^^ + 4m/3a. 

ence 9az + 4m = is an ordinary envelope, 
(ii.) Taking (74), and eHminating {x — a) and (y — b) from it" and (69), (70), it 

follows that 

Sah^ — Gmaz + 4w^^ = ,.*,... . (75). 

The corresponding values of (x — a), (3/ — b) are determined by (74) and 

a[x -— aY — 2m (ir — a) — 2m2; + Am^/a = Oo 

These values satisfy (69)™(73). 

Hence each point ^^ ij, C on the imaginary locus (75) is the point of contact of two 
surfaces of the system^ whose parameters a, b are determined by the equations 

a^ (i — ay "- • 2ma (^^ ^ a) -—' 2mal + 4?9^^ = 0^ 
a(^ — a) -\- a(r) •-- b) — 2m = 0^ 



where { is one of the roots of (75 
This accounts for the factor 

(3aV — Gmaz + 4m^) 
m vns cnscnminanu© 
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Art. 12.— To prove that ifXJ=-0 be the equation of the Locus of Uiiiplanar Nodes, 

A contains U^ as a factor in general, 

(A.) Amongst the conditions satisfied at every point of the uniplanar node locus, 
will be found the following, see the ratios (48) : — 



^? ^] [A /3] "^ [<5tj /^f = ....... . (76). 



Now, by Art. 1 , Preliminary Theorem C, this means that the equations 



a 



0, Df/Db = 



are satisfied by two systems of values of the parameters which become equal when 
X = i, y = 7)^ z =:^ t,, the coordinates of a point on the uniplanar node locus. 

[It must be remembered that the theorem has to be specially interpreted for the case 
in which D//Da, D//D6 are both of the first degree in a, b, i.e., for the case in which 
/is of the second degree in a, h. This is done in Section IV.]- 

Now this is the case previously reserved in Art. 7, Art. 9 (the second case of 
exception), aud Art. 11 (condition (68)). 

As there are, in this case, two equal values of each of the parameters, a, &, it may 
be expected that there will be two (not necessarily equal) values of da/dx, db/dx. 

It will appear presently that in some cases da/dx, db/dx may become infinite, but 
this is not the case for the uniplanar node locus, in which the values of dajdx, dbjdx 
as given by (52), become indeterminate, because the conditions (48) are satisfied. 

Differentiating (52) again with regard to x, it follows that 



9^1 , . 



3^, 



i/9«iV 



>, X, aj + 2 [x, a^, aj g^ + 2 [x, a^, 6 J ^ + [a^, a^ a J f ^^ 



1 f^^h\ (^W 



1 f^hY 



92 



3^6, 



+ 2 [a„ a„ 6 J [^^ (g^j + [a, 6„ 6,] {^J + [%, a,] ^ + [a„ b,}^^ = . (77), 

f)/y ill) ifJCl/ \ 

[x, X, & J + 2 [x, ai, &j] 3^' + 2 [x, b„ & J 9^ + [«i, «i. ^1] [YxJ 



. Multiplying (77) by {_b^, h{], (78) by [a^, b{], subtracting, putting x= i,y = rj, z= i, 
and therefore a-^ =: a, 61 = ^, and using (76), it follows that 
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[ef,«][A^]-[£^,/8][«,/3] 

+ 2 I U «, «.] [A /3] - C^. «, /3] [«, ^]} + 2 I { 



ea,/3][/3,^]-[^,A/S][a,^]} 






otj aj /3] [a, j8]} 



+ 2 (I) (I) {[«, «, ^] [A /3] - [a, A ^] [«, /3]} 



+ 






«, /3, /3] [/3, y8] - [A /S, ^] [a, /8]} = 



» • » » • 



\t^)f 



and this equation with either of tbe eqtiations derived from (62) by changing therein 
X into i, y into tj, 2; into ^, and therefore a^ into a, 6| into /3, determines in general two 
vakies for da/di^ and two corresponding vahies for d/S/di, 
The second of equations (52) gives 



S n + fa 81^ 4- fB Bl — 



» • * • » (oU/« 



Eliminating B/3/di between (79) and (80), it follows that 



'duV 



[a, a,a] [A^?-3 [a,a,^] [A^T K^]+3 [a./3,;8] [A;8] [a,/87-[A A;8] [a.^S; 



3 



''*'"l""' ilM 



Oa 

^ 



[^, a, a] [A ^? - 2 [^, a, ^] [^, ^J [a, ft] + [|^, A ^] [A /8] [a, /3J 

- [a, a, /3] [A ^? [A i] + 2 [«, A ^] [A ^] K fi] [A ^] - [^. A yQ] [«, /8? [A ^] 






[^, ^, ^] [A /Q? " K 1^, i8] [A fif [«, iS] 

-2[|,a.^][f,/3][A^?+2[£A^]K^][A^]C«,/8] 

+ [^, ^J [«, A ^] [A ^] - [I. ^T [A A /8] [«, ^] 



• * » ♦ 



O JL /# 



This is in general a quadratic for da/di. 
The two corresponding values of dfi/di are 
The case of exception, when the quadratic 
first degree^ viz.^ when 



given Dy 

for da/di reduces to an equation of the 



K «, «] [A fij - 3 K a, ^] [A fij [a, ^]+ 3 [«, A ;8] [A iS] [«, /3? - [A A ^] [«, /8J= 0, 

will now be considered. 

(B.) The meaning of the condition may be determined by means of Art, 1, Pre- 
iminary Theorem D* 
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Put therein ^ {u, v) = Df/Du, ^ {u, v) = Df/Dv, 

Then the condition of Preliminary Theorem C, which also holds, is 



Bu^ p^ 



Dy 



2 



DuDv, 



= 0. 



The condition of Preliminary Theorem D is equivalent to 



py/ py V o ^^'/ ^y i"^!/" py /py\^' 



Dti'^ \DuDv. 



Du~ Dv Dtc Dv Di6^ Dm Dv^ \Du^/ 






Dy /Dy\3 



Du^J)v\I)v^. 



D-if py i)2y Dy ^ py \2 



BioBv'-Dv^-DuBv ' ;Dt;3\D«Dt;, 



D"/ \3 



- 



J)u Dv) 



Dividing out by (D^/Dw Dv)^ the last equation becomes, by the preceding, 



Wf /Dy\3 



Dy my /D"/\2 



^ Dtt^ Bv Uu Bv \lh/ ' "^ 



., py / py Y py _ ^y /^pyiY= o 

I)uJ)v"\DuJ)vJ IV Bv'X'Dto'DvJ 



Now in the former part of this article, a and /3 correspond to u and «. 
Hence the condition that the equations DffDa = 0, Df/Db = may have three 
coinciding systems of common roots is 



[a,«,«][/3,^J-3[a,«,;8][Ay8y[«,y8]+3[«,A)S][A^]K/3T-[AA/3]K^?=0. 



This fact must be taken account of in forming the discriminant, and the whole of 
the work must be modified in accordance with it. But this case will not be further 
discussed. 

(0.) It has now been shown how to determine the values of da/dx, db/dx, when 
X =i ^, y = 7], z := C, the coordinates of a point on the imiplanar node locus. 

Now, when x = ^, y = rj, z ::= t,, 



both vanish. 



f{x, y, z, %, b^), 



9/ (xj, y, z, a^, \) 



w 



d~f(x, y, z. a^, h^) d fdf(x, y^ z, a^, \y 

dx 



dx^ 



IX 



d_ fl)f(x,y,z,a^,bj 

dx 



Dx 



JUs, 



J I L > J-J 3^ i L ? ^-^ dx 



Hence when x =■ ^, y =• rj, z ^:=. l^ 

MDCCCXCTI.— A. 
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^^7^-'^-'- becomes [f, f J + [ f, a^ -^ + [f, /3] g- 



3.'^^ 



i.e., 



mm 



f, ^] + [>, /3 



g^ I L.p^ P 



8f 



by (48). 



therefore 3'/ (a?, y, 0, a^^, 6i)/3x^ vanishes by (80)„ 

In Hke manner d^^f {x, y, z, a^, &2)/9^^ also vanishes when x ■:^ ^, y = tj, z •= I. 

Now writing A = R/1/2 f^^ brevity, and forming all the differential coefficients up 
to the fifth order inclusive, each term in any of these differential coefficients is the 
product of terms, one of which is /j or j% or a first or second differential coefficient 
<^f/i or/2. 

Hence when x-= ^^ y =^7^, z=- l^, all the differential coefficients up to the fifth order 
vanish^ and, therefore, by Art, 1, Preliminary Theorem B, A contains W as a factor. 

Example 6.- — Looas of Uniplanar Nodes. 



Let the surfaces be 



a 



{x — af + ^ (^ — hf + 3 [c (.r -- a) + f/^ 







where a, ^, c, g are fixed constants ; a, h the arbitrary parameters, 

(A.) The Discriminant. 

The discriminant is the same as that of the equation 



Hence 



aXs + ^Y^ + 3Z (cX + gz7.f -^^ 0. 



T = a/B^gh^ (%agz — 4c/') 



3\-2 



(B.) The Locus of JJnodes is ^ = 0. 

For putting cc = a + X, ^ =:6 + Y, 2; === Z, the equation becomes 

aX3 + /3YS + 3 (cX + ^gZf =::. 0. 

Hence the new origin is a unode. There are no other singular points on the 
surface. 

Hence the locus of unodes is 2; = 0. 



(C.) The Envelope such that every point on it is the voint of contact of two non- 
consecutive Surfaces is 9agz -— 4c^ = 0. 

To prove this it is necessary to find the tangent planes parallel to ^ = 0. 
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Hence it is necessary to find x, y, z^ so tliat 

f = rx{x '—' a^ + ^ (^ — 5)^ + 3 [c [x — a) 4- g^~f = 



« * « 



,w 



3 



I) A' 



a 



[x — df^ + 2c [c (cc — a) + gz 







(82), 



O 6 



■ (83), 



i g = ny- >>)' 



9. 



nj 



Therefore 



therefore 



2g [o (cc "^ a) + ^^"" 



a {x — - a)^ + 2c [c (,x 



a) + ^2;]^^ = 0, 
- a) + ,9'^] == ^ 



[c {x — a) -{' gz] [c {x — a) + %^] = 0, 



= , 



r/=0 . 



« » 



• (84), 



(85). 



The solution c{x — a) '\- gz^=^ is inconsistent with (85). 
Hence it is necessary to take 

c (^ — • a) + ^gz =■ 0. 
Substituting in (83), 

(9gaz — • 4c^) = 0, 



gz 



The sohition z =^ 0, gives ,x = a, y =^ 6, and therefore belongs to the unode locus. 
The solution 9.gm --- 4c'^ ^ 

gives 

a (;>; -— ay + 2c'^ (.X — a) + 8o^/da = 0^ 

and therefore 

X. .^ a "^^ — 4cY3ot^ 

or 

u^ ^ a =:. — ^ 2c^/36e. 



Hence at every point ^, t), ic^jdga on this locusj. the locus is touched by two non- 
coTOecutive surfaces of the system^ viz.^ those whose parameters are given by 



a = ^ + 4c^/3aj b := itj 



.nd 



€1 



|^+ 2c^/3a, h = Tj, 



This accounts for the factor 



in the discriminant 



3\2 



(9gaz — 4c^) 



3 0' 2 
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Example 7,— Locus of Uniplanar Ixodes 



Let the surfaces be 



a ix — ' aY -{' ji {y 



'k\n 



3n (z — ax + byY = 0, 



where a, ^, n are fixed constants, and a^ h are the arbitrary parameters. 

(A.) The Discriminant. 

Putting 1 = z — x^ '^ y^, the equation is 

a (cc — a)^ + ^ (y — by -— 3n {t^ -^ x (x — a) ^ y (^y ^ h)y^ = 0. 

Hence the discriminant is the same as that of the equation 



Therefore 



Therefore 



aX^ + /3Y3 -- 3nZ (CZ + xX ^ yYf ^ 0. 
S = n^a^xyt^ 



In order to show the way in which the factor ^' arises in the discriminant^ the dis- 
criminant will now be calculated. 

It is known to be the result of ehminating X, T, Z from D/^DX = 0, D//DY =^ 0, 
DfjDZ =^" Oj i.e.^ from 

'^ — 2nxZ [IZ + xX — yY) = ,...», (86), 



a 



ySY^ + 2nyZ ({Z + a;X - y Y) == 



>d a e a 



(CZ + «X - yY) (3CZ + icX - 2/Y) = 



9 6 <9 ® 



From (86) and (87) 



Y = ± X y'l 

Substituting in (86) 

^X^ — 2nxXZ i a? =F ^ 



ay 



U 8 



A S « 



(87). 
(88), 



(89). 







^if/W^JLJ tr-^ Uf 



Put 






y 




1. 



f ^ ^ + .V 




pX 



Tj. 



Then two of the values of X/Z are found from 



^X^ — 2na:^XZ 



ln^< 



.1 







6 9 a 



(90), 
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and the remaining two values from 

^X^ — 2nxrilL7i — ^nxtJL^ = () , . . . , , (92), 

and then 

V \^ /^^y • ^ ^ 

Take the factors of the left-hand sfde of (88) separately, and form first of all the 
pai-t of the discriminant depending on 

IZ + xX. — yY, 

Let the root^ of (90) be X^/Z^ and Xg/Z^ ; then the corresponding values of Y by 
(91) are 

-j and x^Yi^-^^^ 
Hence 

(^Zi + aiXi — 2/Yi) (CZg + oiXg — 2/Y3) 

= (IZr 4- ^X,") f^Z. 4- ^X.) 

"~^ Vb-^l r b ^1/ \b^3 I s> "^^3/ 

= ZjZ, ( r + U if + p + f ff 

In like manner, taking the roots corresponding to (92) and (93), 



•2 



(^Zg + xX^ — t/Yg) (C-?^ + xX^ — 1/Y4) = ZgZ^C^ 

Next, taking the other factor qf the left-hand side of (88), the part of the dis- 
criminant correspoii-ding to the roots of (90) and (91) is 

{BCZ, H- ^X, » yY,) (3CZ, + xK, ~ ^Y,) 

= (S^Zj + fX^) (3^Zg -f- g Xg) 

= ZA fee + 3£f (I + Ij + 1^2 1^ 

?— Zii/Jn 1 y^ -f- 






In like manner the roots of (92) and (93) give rise to the following part of the 
discriminant :— 

Z3Z4 (9^^ + ^^^' 
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Hence the roots of (90) and (91) give rise to the portion 



A .„ .„-. ?-2\ 






and the roots of (92) and (93) to 



Alum 



z^,z^^H + -'^ 



Hence the discriminant i 



s 



(ZjZgZgZ^)- 1^' ( 81 ^' 



oiriix^ 






(^^ + Vj "f" 73" 



{z,z,z,z,n' [sH' + '^f^- WrJ 



a' 






a 



303 



ai/'^) j ^ + 6 A^n^aBx^jf 



This agrees with the result previously sta^tede 

Returning now to the part of the discriminant arising from the two systems of roots 
of (90) and (91), it will be shown that the factor ^^ arises entirely from one of the 
systems onlv» 



Consider, in fact 



CCZ, + xX, - yY,) i^tZi + xK, ^ yY,)., 



which is the part of the discriminant due to tlie sj^stem of roots X^j ¥,3 Zy 
It is equal to 



^1 'T" 6" 



1) i^^i + iX-1 



where 



« (Xi/Zj)'- — 2nx^KJZ{) — 2nxi — 0. 



Thei'efbre 



{iZ,_ + xX^ ~ yYj) (3CZi + xK^ 



Z,^< 



3^ + 



2nx^^i , X 



a 






%ICC^^ 



c± 



No 



w, 






^'n 






llvtC 






if, Vi> 









V/X 



fe 



^ r/y^;f>r^P 



O O 9 






If the root corresponding to the positive sign be taken ,, then 



(CZi + xX,^ - yt^ (n^j + xK^ - yY]) 



is not divisible by [, 
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If, however, the root corresponding to the negative sign be taken, i.e., 



X, 



r 
1? 



1 i^ __ I 1 
'2 ...,K3 I 2 



a 



2^3 



nx^' 



f^ r.' 



w^x--"^' 



then 



(CZ, + .tX^ - ^YO (3CZ, + ^'X, - yY,) 

0. [ ^^'"^ 



2 2 i — ^^ terms cOntainiiicQ: hiMier powers of L 



I 



Hence the factor ^^ arises exclusively from the substitution in f of one system of 
values of the parameters satisfying both the equations T)f/Da = 0, D//D& =r 0, 
A similar demonstration shows that the solution 









7? 



f?;*-?;?;' 



and 



Y, 



jL 




rr'jrrj' 



ay 



^x I 



will also give rise to the factor ^^. 

Now it will be shown presently that ^ = is the linode locus, 
on the unode locuSj 



Hence at any point 



X. 



Yt x^ 



- 



0. 



Hence, at such a point there are two values of j^ — a and tt¥0 ofy — h which 
vanish. Hence two systems of values of a, b, satisfying both the equations Df/Da = 0, 
D//D6 = become equal; viz., the two values of the parameter a become equal to 
tlie iT-coordinate of the point, and the two values of the parameter b become equal 
to the y-coordinate of the point. 

(B.) The Locus of Uniplcmar Nodes is ^ = 0. 

To find the singular points, it is necessary to find Values of x^ y-^ z satisfying all the 
equations 

€JL {x — ay + /3 [y — Kf — on (z — dx + byY ■=- Q, 

a {x — a)^ + 2na (z — ax + by) , .:=:=: 0, 

^ [y — by — 2nJ) {z — ax -^ by) = 0, 

z — ax + by ^^ 0. 

The only solutions of which are 



X rr: a^ y 



b. 



a/- 



¥. 
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Now, transforming the equation by means of the substitutions cc = a + X, 
y = 6 -j- Y, 2: = a^ — 6^ 4- Z^ it becomes 

aX^ + ^Y^ -- 3^1 (Z - aX + bYf = 0, 

Hence, the new origin is a unode. 

Hence the locus of unodes is = x^ — y^', ie., C = 0« 

(C.) The .Envelope Locus is 

{9a^C + 4'^ i^^"^ -^ oLy^W + Ua^n^l(?y^ = . . . . (94). 

On examining the manner in which the discriminant was formed it can be seen 
that the factor corresponding to the envelope focus is obtained from (86), (87), and 
3CZ+ ^X-"^Y= 0. 

Hence it is the result of eliminating X, Y^ Z from 



aX^+4na^^Z^= V , . (95). 

^Y^ ^ 4.7iyiZ^ = 

To prove that (94) is an envelope locus, it i^ necessary to show that if (f) be the 
left-hand side of (94), and/=:= be the equation of the system of surfaces, then it is 
possible to find values of x, y^ % which satisfy at the same time all the equations— 



Changing the independent variables from x, y, % to x^ y, C? then^ if S denote partial 
differentiation when x^ y, { are independent variables, equations (96) are equivalent to 



8.t/ B.G Sj/I Sff Sz/ Bz 

Ba (x — ay^ — 6t^ (2x — a) [f + (a^ — a )x — (y —h) y\ 

_ 3y9 (?/ - hy + 67 1 (2y --h) [ ^ + (;2^ - a) x ^ (y -I) y] 

^ - 6f t [g' + a?(^- - 6^) - y {y - h)] ^ 
] 8^^ [9a/St + ^-n {0x^ - «y3)] ' 



AND LINES m THE INTERSECTIONS OF A SYSTEM OF SUEPACES. 201 

or, putting x — a =■ ILITa, y -^h =^ Y/Z, 

aX^ - 2n{xLj\-^) ( ^Z + ^X -- fi) 

— ^Y' + 2% {tjZ + Y) (tZ + x^ - yY) 

- 2^^Z (^Z + a?X - :^/Y) 



18«^ [9^^^?-+ 4^1 {^o(? ~~- di/)] ' 



It will now be sliown that the values of x, y, z which satisfy (95) also satisfy 
these equations. 

For substituting from (95), these equations become 

aX^ -f 4:n^Z (xZ + X) _ ygY^ - 4^g'Z (tjZ 4~ Y) 

4^/3^3 j-9^^^ 4. 4^^ (^^3 _|. ^2/3)] ^ - 4.nocf [9a^^ - 4^ Oa?^ + af )] 

__ 4^^tZ^ 

"" 8ayS [9a/3^ + 4n (/3x^ - a^/^)] 
These reduce further to 

4n^ZX •- 4:n^ZY 



4n^x^ [9a^^ + 4n{^x^ + at/^)] - 4^1^2/2 {%al3^ - 4?i (/3^-^ + ay^)] 

— 4 n^Z^ 

X Y 



4n^x^ [9ay8f + 47?. {^x^ -^ ay'^)] Anay"" [9a/3? - 4n (y8^ + a^^)] 

Z 

'^ ia"^ [9a/3f + 47^ (^# _ ^^^^3)] • 

Now the relations (95) satisfy (94). 

Further (94) can be written in either of the forms 

9a^l + An {/3x^ + ay^)J = lUna^fiCy^ 
'9afiC ■— 4:71 {^x^ + ^S^^)]^ = "~ l44:7iafi^[po^: 

Hence it is necessary to show that 

X Y Z 



X^/Z^ = — Axnt^ja 

and these are true by (95). 

Further, ^ = 0, /= are both consequences of (95). 

Hence all the equations (96) are satisfied by the same values of x, y, z, 

MDCCCXCII. A. 2 D 
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Section III. (Arts. 13 -15).-— Consideration of the gases reserved in the 

PREYIOUS SECTION, IN WHICH TWO SYSTEMS OF VALUES OF THE PARAMETERS 

SATISFYING THE EQUATIONS, D//Da := 0, D//D6 ^ 0, COINCIDE AT A POINT ON 

THE Locus OF Ultimate Intersections. 
The interpretation of the condition 



OL^ a] [^, ^1 — a, /3 



which is marked (76), when the equation of the system of surfaces is of the second 
degree in the parameters, is different from its interpretation when it is of a higher 
degree. 

It will be supposed, in this section, that the degree of the equation of the system 
of surfaces in the pax'ameters is higher than the second. 

Art, 13. — To prove that if each Surface of the System have Stationary Contact with 

the Envelope, then A contains W as a factor. 

(A.) It will be shown that when the condition (76) holds in the case of an envelope 
locus, the curve of intersection of the envelope with each surface of the system has a 
double point at the point of contact, such that the two tangents coincide. [Such 
contact is called stationary (see Salmon's ' Geometry of Three Dimensions,^ 3rd 
Edition, Arts. 204, 300).] 

To prove this, it is necessary to find the direction of the tangents to the curve of 
intersection of the envelope and one of the surfaces of the system at the point of 
contact. 

Let ^, 7], ^, be a point on the envelope. Let the surface touching the envelope at 

this point be 

f{x, y, z, a, /3) ^ 0, 

which has been marked (9). 

Then equations (11), (25), (26) hold. 

Let f + Sf; '>? + S'^j C + 8C be a point near to ^, rj, ^^ which lies on the curve of 
intersection of the surface (9) and the envelope. 

Since it is on the envelope, it will be the point of contact of one of the surfaces of 
the system. 

Suppose it is the point of contact of the surface (10). 

Then 

/(f+Sf, ^ + H C+SS. ^. ^) = ...... (97), 

and the equations obtained from (11), (25), (26) by changing f, t;, ^, a, ^ into f + Sf, 
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+ 1 



Then,, from (97) 

+ 2 [t?. {] (Sr,) (SO + 2 [c, f ] (sc) (Si) + 2 [1^, .?; 

4- terms of the third and higher orders = , 
and by means of the substitutions in (11)^ (25), (26), 



t e 



« e « « 



(98), 



f {^, rj, I, a, ^) 
+ m m + [^] (h) + [Q (SO + [«J (S«) + M (S;S) 

+ 2 [.?, G (8.?) (H) + 2 [C, f ] (SO (SO -f 2 [£, rj] (Bi) (St,) 
+ 1 + 2 [A, «] (8^ (Sa) + 2 [^, a] (8,,) (8a) + 2 [C, a] [BQ (Ba) 

+ 2 [I 0] (8f ) (8/3) + 2 [7?, ^] (87?) (8^) + 2 [C, /3] (8C) (8^; 

+ [a, a] {Baf + 2 [a, ;Q] (8a) [Sfi] + [^, y8] {B/3f 



+ terms of the third and higher orders = 



» ■» « * 



« « 



e 



(99), 



[a] + [a, fj (8f ) + [a, .,] (8.?) + [a, Q {BQ + [a, a] (Ba) + [a, 0] {B0) 

+ terms of the second and higher orders = , . « . (100), 



M + [0 ^] (Sa + [A v] ih) + [A Q iK) + [/3, a] (Ba) + [A ^] (8/3) 

+ terms of the second and higher orders =^ 



e e » » 



(101). 



Making use of (11), (25), (26), (98), equations (99)-(l0l) become 



II «] (B^) (Ba) + [r], a] {Br,) (Ba) + [C, a] {BQ (Ba) 

+ [I 0] (Bi) {B0) + Iv, I3-] (Br,) {B0) + [C, 0] (80 (S/3) 
+ i [«, «] (S«)^ + [a, 0] (Ba) {B0) + i [A y8] (S;8)^ 
+ terms of the third and higher orders =:= ... 



6 e t 6 ft 



(102), 



+ terms of the second and higher orders = . (103), 

[A ei m + [A vl ih) + [A Q m + W, «] (S«) + CA /3] (S^s) 

+ terms of the second and higher orders = . (104). 

2 D 2 
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By (102), (103), and (104) it follows that 

1 [a, a] {Say + [a, /3] {8a) {8/3) + 1 [^, ^J (S^)^ 

+ terms of the thu^d and higher orders — 
Hence ultimately 

[a, a] {Saf + 2 [a, 0] (Sa) (8^) + [A /3~j {8fif == 0, 

This determines the two va,lues of the ratio B^/Ba, 

Then to determine 8f, Sr), S^ there are the following equations obtained from (98), 
(103), (104)5 by retaining only the principal terms. 



f](8f) + M(S^) + ra(8C)-0 



(105)3 



[^. fl m + [a, rj] {Brj) + [a, C] {BQ + K «] (8^) + ^ ^] (8^) = , (106), 

[;8, ^] (8^) + [i8, 7?] {Br)) + [^, C] (80 + [A ^] (Sa) + [A A] (8^) := . (107). 

Hence the ratios 8f : St; : Bt, can be determined. 

Hence the directions of the tangents to each of the branches of the curve of inter- 
section of the envelope and the surface (9) can be determined. 

If, nowj the condition (76) hold, the two values of B^/Ba become equal, and, there- 
fore, the two tangents at the double point of the curve of intersection coincide, and 
therefore, the contact is stationary. 

Further, because in this case the values of Bfi/Ba both become equal to 



a, a 



a, fi 



a. 



, ^1 / 1 A fi 



therefore (106) and (107) become 



[a, f] (8f) + [a, rj] {Br,) + [a, Q (8^) ^ 0, 

[A f ] m + [A ^] ih) + lA Q {h) - 0. 

From these two equations and (105) it follows that the coinciding tangents at the 
double point of the curve of intersection lie in the tangent planes to the surfaces 
J)f/J)a = 0, D//D/3 = 0,/= 0. 

(B.) In this case 



■^/i/a ' 



(108). 



9A dl 



dx 






(^ f 



109). 



Hence A = 0, 9A/9£c = ; for/i =: O./g = at every point on the envelope locus. 
Hence A contains E^ as a factor. 
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Example ^.—Envelope Locus^ each Surface of the Sy:Uem having Stationary Contact 
ivith the Envelope. 

Let the surfaces be 

ol{x -- aY -{- ^{y -— Vf -^ i[y {x — a) -\- h {y — hyf + ^^ — c^ = 0, 

where a, ^^ y, S, c are fixed constants ; a^ h tlie arbitrary parametej-s. 

(A.) The Discriminant, 

It is the same as that of the equation 



Therefore 



aX^ + ^Y^ + 3Z (yX + SY)^^ + {z^ -- c^) Z^ = 0. 



T := (^2 -»- c^) [a^^^ {z^ -^ c^) + 4 (aS^ -- ^y^) 



3\3^ 



Therefore 



c^f[{a^^^z^ 



(^) + 4 (otS^ - ^y^fY + 64oc3;3VS^'^ (^^ - G^)]. 



(B.) jTAe Envelope, such that each Surface has Stationary Contact ivith it, is z^-^c^^^- 0. 

Transform the equation by means of the equations a^^a+Xj y=^5+Yj «=db<^+^5 

and it becomes 

olJ? + ^Y^ + 3 (yX + SY)^ + Z^ ± 2cZ =: 0. 

The tangent plane at the new origin is Z = ; it cuts the surface in the curve 

olT' + ^Y^ + 3 (yX + SY)- = 0, 

which has a cusp at the origin. 
Hence the contact is stationary. 
Hence the factor {z^ — c'^f in the discriminant is accounted fon 



(C.) The Locus 

is an ordinary envelo'pe. 

This may be proved by finding the tangent planes parallel to the plane % 
It is necessary to satisfy at the same time 



gl{x -- af + ^(;y ---^ hf + 3 [y {x «- a) 4" S (3/ — h)f + # — c'^ =s: . (110) 

St (aJ — af-^- 2y I y (r« — a) -f S (^"-^^yj =^ 

(y -^ hf' + 28 [y (aJ ---^ a) -f S (1/ --« '>)] ^0 > » (111) 
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From the above 



therefore 



^y (OJ — a) + 8 (y — h)f + (^^ — C^) =::= 

y{x — a) + S (?/ ™ &) =v^(c^ — ^^) e 



« 0^ a 



« « I J[. L «nJ I 



Hence by (111) and (1 12) 



X — O' :== i / 











Substituting in (112), 



± 7 ^ 



27 



therefore 



2d 







5>^ 



J _ !:^ (c3 _ e3)'/2 I J. S ^ J _- ^1 (c3 - 03)1/2 L ^. (^2 ~ ^2)1/'^, 



2 i- + -) :iz 27S 



a 



^, 




4<yB 



{(^ ~ z^yi^ ^ (c^ ^ ^j^), 



therefore 



fy'^ 



S''\ 



2(^+^-j± 2yS 




47S 
5i^ 






therefore 



4(7^^ + h^af 4- 1 6^^7833 ^ 1 g ^^3^ ^^ g3^) ^1/2 ^1/2 ^3/2 g3;2 ^ ^S^2 (^2 _ ^2)^ 



1 nereiore 



;«2^2 (^^ _ ^.2) + 4 (y3^ 4- SB^)2 ^^ i6a^/S^]2 =r 256a^7^8^ (7^^^ + S^^a)^ 



This reduces to 



^2^2 ^^2 ^ ^2^ J^ 4 ^^g( 



B\2' 



Y"f 4" 64a^^y5^{^.^ 'w- .pS) <^, 0. 



This, accounts for the remaining factor hi the discriminant. It corresponds to an 
ordinary envelope. 



OA^T 
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Art. 14.— -lb prove that if the Conic Node Locus he also an Envelope^ A contains C^ 

as a factor. 

(A.) It will be shown that when the condition (76) holds, in the case of a conic 
node locus, then the conic node locus is also an envelope. 

In this case, from (28) and (29), bj means of {76)y it follows that the equation of 
the tangent plane to the conic node locus is 

[A «] {[«, I^J (X - f ) + [«, ^] (Y - yj) + [«, I] (Z - t)} 

- [«> «] m f] (X - + [A ^] (Y - 7?) + [A 4] (Z -01 = (113). 

This will touch the tangent cone (33) at the conic node, if 









f[A«][«,^] 1 

[— [a,a][y8,fjj 



[[/3, a] [«,■)?] 1 
[-[a,aj[^,ij]j 






[A«]Kf]-K-][/8,f] 

^,a][a,ij]-[a,a][/3,9j] 







= 

(114), 



This can be written 



!Aa] 



K,£] 

[A «] [«, ^] 1 



[^J ■>?] 

[[A «] 



h, C] 
[C,C] 



K C] 



«> ^] 1 f[A a] [«> C] 1 [[A «] [«, a] 



!■ i 



[a,«][A^]] [-[«,«] [A >?]] i-K«][AC]j t -[«,«] [A «]j 



— [«, a] 



iTA «] [«, ^] 
l-K«][Af]J 






KC 
[^, C] 



[A f] 
[AC] 



] f[A«]['-.^] 



] [[A«][«,n 

[a, a][A^]j [- 



I |[A -] [«, /3] 

[a, a] [A a! 1 - [«, «] [A ^]j 



= 
(115). 



For the constituent in the fourth row and column of the last determinant vanishes 
by (76) ; and the constituent in the fourth row and column of the preceding- 
determinant is identically zero. 

Hence the condition becomes 
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^, 



a 



iM[BW.[a M} 



-di Ljj Clt 



a, a 



D {in [vi la H } 

1^ {^, v^ ?^ /^} 



-f- [a^ a 



,iM[BW,m-[/3]} 



iM^. '?. ?,/«} 







i i i 



* . . (XiOJ* 



And this is satisfied^ because {3())-(32) hold* 

Hence if (76) hold, the tangent plane to the conic iiode locus touches the tangent 
cone at the conic node. 

Therefore the conic node locus is also an envelope. 

(B.) Conversely, if the tangent plane to the conic node locus always touch the 
tangent cone at the conic node, then the condition 



a, a] i/3^ p] -^ [a^ ^ 







is satisfied at every point of the conic node locus. 

To determine the position of the tangent plane to the conic node locus, it is 
sufficient to eliminate Sa, 8yS from any three of the equations (16), (17), (18), (28), 
(29), and then to use the relations (27). 

Suppose that the values of 8f, St^, S^, which satisfy (16), (17), (18), (28), (29), are 






fjLj^ Sot -4" /^2 S^S 

Vj Sa + Fg 8^ 



9 9 S ft 



. (117), 



Then the tangent plane to the conic node locus i 



s 



(X — i) ifx^p^ — /xg^g) 4- (Y - 'Yj) {v^\^ - p^Xj) + (Z ~ C) (^#3 — hf^i) = . (118). 
The condition that this may touch the tangent cone (33) is 








V' f^ 


z f\ 




y]> V. 


J> v[ 




■*?' c 


:l c 



/^i^3 — /^2^1 



ViXq 

J. <•» 



^2^1 



XjfAo "^ ^sF 







0. 



119). 



Tt ■will now be proved tliat the same condition can be obtained by substituting the 
values of (Sf), (87;), (8^) from (11/') in 
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+ 2 h, C] (8^) (K) + 2 [L fl (SO (SO + 2 [^, .?] (SO (S>?) 

and then making the roots of the resulting quadratic in 8a/8y8 equal. 
For making the substitution, the result is 







(120), 



{8af {[i, i] \,^ + [^, yj] f.,^ + [C, Q v,^ + 2 [r,, Q p.,v, + 2 [C |^] .,\i + 2 [f, >?] Xj^^} 



+ 2 (Sa) (Sy8) 



[l^> £] XiXg -f- [17, 77] /A-i^a^ + [i, Q ViV,, 



+ (8^)3 {[f , £] \i + [;,, ,7] ^/ + [I Q vi + 2 [77, C] /..Kj + 2 [C ^^] ^,X,, + 2 It y)\ \h} = 
Now patting 

Ml = [v, f ] Xi + [1?, 1?] //-I + h, Q f'l, 
N, = [C, fl X, + [C, .,] ,., + [C, C] .„ 

and similar expressions for L^, Mg, N^, the condition for equal roots can be written 






=: 0. 



It remains to show that this will he satisfied if (119) be satisfied, 
ow 



N' 



[^. fl 




Iv,^] 


[C, f 


P-i^'z 


/X^I'j 




_t V 




J)> v_ 


4 "»?. 


V^\.2 


- i-gXj 


X 


[f= Q 




J)' c_ 


[C, C] 


Xj/xg 


Ki^i 


H-i^i H-2^1 


I'l 


^a — J'3^1. 


^]/^2 — \^;«-i 









Li 




Ml 


Ni 









L, 




Ma 




Xj/A3 ■ 





X 


/^i^2 — /^ai'i 


Vj] 


1^3 — ifa^i 


^l/*3 — ^2^1 









XjLi -{• /xjMi 


+ 


vjNj XjL 


3 + /^iMg + 


^1^3 


Ni 


^2^1 + /^gMj 


+ 


vgNj XgL 


2 + f^Si + 


^aNa 


Na 


Ni 






Na 




cc> a 














^i^a - 


■ ^2^1 



Xj ^1 



Vi 



X-a ^3 ^^2 
1 









1 



2 



Xj [x^ u^ 

K y-i ^i ^ 

10 
1 




XiMs Xj/Xj 




(Xi/X2 — Xo/A^) 



2 






MDCCCXCII. — A. 



•J. E 
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Hence dividing out by (Xx^Ug •™- ^2/^])^? it follows that the left-hand side of equation 
(119) is equal to 



Hence if the left-hand side of equation (119) vanish, so also does 






which was to be shown, 

■ Hence either method of proceeding will lead to the condition that the tangent 

plane to the conic node locus should touch the tangent cone at the conic node. 
The second method being simpler in this case will now be adopted. 
Multiply (16) by S£, (17) by Stj, (18) by S^, (28) by - {Sol), (29) by ^ S/3, 

and add. 
Hence 

^ [a, a] (Saf + 2 [a, jS] {8a) (S/3) + [/3, yS] (8/3)1 

Hence the result of substituting the vahies of S£, S-q, 8^, which satisfy (16), (17), 
(18), (28), (29) in (120) is 

[a, a] {Saf + 2 [a, /3] (8«) (8/3) + [/3, fS] {S/Sf = 0. 

F;jniiing the condition that the roots of this quadratic in Sa/8^ should be equal, it 
follows that 



a, a 



] [A- ^: 



a. 



3 



0, 



It will be proved in Art. 27 (see the equations (196)) that the common tangent line 
to the conic node and the conic node locus is in this case given by the equations 



[^^ f ] (^ "-" f ) + [<^, '7] (Y — 7]) -f- 



a., Q (Z "- {) = 0, 

y8, Q (Z - = 0- 



Hence the common tangent line to the conic node and the conic node locus lies on 
the tangent planes to the surfaces Df/Dot =: 0^ IJf/D^ =^ ; and it lies obviously on 
the tangent cone to the surfa.ce /■=:0, 

(C) In this case equations (108) and (109) hold. 

Also differentiating (109) 
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- 93 J]/3 "t" ^-^ 



3^^ 



lyi 



D/2I 



^^ 1)^ ""'" ^^i D^ 



+ R 



/s 



2 



/-^T^i I -^^Ji ^^n 



\ Ux^ DxDa-,^ dx I);^:;!!/;^^ 8^ 



"~]~" ^ 



J-JvC xJJb 






• ft C 



. (121), 



Substituting the values of da-yjdx, dbjdx from (52), there is in d^A/dx^ the term 



li/2 





X^ Ci/i 


]cc, &i] 


X^ Cti 


(a/ I 9 Cy-i 


>i, b{ 


"^5 &]" 


>1. ^l] 


[K K 






which requires examination when ^ = f, ^Z ^= '>?? ^ = L the coordinates of a point on 
the conic node locus. 

Now in this case a-^, hj are roots of Dfj/Da^ = 0, T-lfJ^hj == 0, 

Hence 

[a, i] {BQ + [a, Tj] (Stj) + [ot, Q (S^) + [a, a] (Bot) + [a, yS] (S^) 

+ terms of the second and higher orders in S^, Stj, 8^^ Sa^ S^ = . (122) 

+ terms of the second and higher orders in 8£ Stj^ 8^, Sot, 8/3 = , (123). 

Multiply (122) by [a, 0,], (123) by [a, a] and subtrsict, the terms of the first order 
in Set, Sfi disappear, and the equation obtained is of the form :— 

(terras of the first order in S^, Brj, BQ 
+ (terms of the second and higher orders in S£ Br]^ B'C, Ba, Bfi) = 0. 

Hence if Sf, Br), B^ are of the order of the iniinitely small quantity e; then Sot, S/3 
are of the order of e^. 

Henoe the principal terms in (122) and (123) are [a, a] (Ba) + [ot, 0] 8/3 and 
[/3, aj (Ba) 4- [_0, /3J (8^) respectively. 

Moreover by (122) and (123), although Sat, B0 are of the order e^, yet 
[a, a] Set + [a, /3] Bfi being ultimately equal to — {[«, cf] (Sf) + [^? vl ^V + L^> Q ^L] 
is of the order e. 

Similarly [^, a] Ba + [A ^] ^/3 is of the order €» 

(tm .hi ^-^ 
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Next, when x = ^, y = t], z 
f{x, y, z, ag, Og) becomes 



L ch ~ «. 



-\- 8ol', 6^ = j8 -(- S/3', 



fit V, C> "■> /3) 

+ 2 [.;, Q (Sv) (H) + 2 [L f] {80 m+ 2 [^ r,] (8^ (8^) 
+ [a, a] (8a')-^ + 2 [a, ^] (S«') (8^') + [^, ^] {8^7^ 



•4" terms of the third and hig'her orders in S£ Stj, 81, Sol\ S^' 

= (terms of the second order in 8^^ 8r], S^) 

-|- (Sa) (terms of the first order in 8^, 8?;, 8Q 

+ (S/3') (terms of the first order in S^, 8?^, 8Q 
1 



+ : 



'^ 



[a, a] 



{ [a, ot] (8a') 4" [<^5 iS] S^^}''^ 



4" terms of the third and higher orders in S£ 8rj, 8^ 8a\ 8fi' 



3 



Now, the terms of the second order in 8f, Stj, 8^" are of order e' 
The terms containing 8a or 8ft\ multiplied by terms of the first order in Sf, 8r), 8^, 
are of order e^"^^^. 

The terms - ., {[ct, a] {8a) + [a, /3] 8^8']^ are of order €^ since 

[o6^ a] (8a') + [^? iS] (8^') is of order €, by the same argument as the one which was 
applied to show that [a^ ct] (Sa) + [a, 0] (8/3) was of order e. 

The most important terms of the third and higher orders in 8f, Si^, 8^, 8a , 80 are 
of order e^^^. 

Hence f {x, y, %, a^, h<^ is of order e^^'^, when x ^ i, y =: rj^ z =:: {, the coordinates of 
a point on the conic node locus. 

Further 



becomes 



ctj a [a, jS 
[a, yS] [/S, y8] 










D 



I) 



I) 



+ j (8^) T)e + i^) f>Z + i^O ijf + (S«) 1)^ + (8^) 



D^ 



or 



_5. 

:d/3 



[a, a] [a, ;S_ 
[«, /8] [;8, /3] 



+ terms of the second and higher orders in 8f, Stj, S^, 8a, 8^. 
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Hence, when x = £, j/ = ■»?,« = C, 



is of order e''~. 
Hence 



[«!, Ui] [a^, 61] 



/ 



3 



1<^V ^]] bl. ^1 
^a. ^1] [^1> ^1] 



is of order €, and therefore vanishes at pohits on the conic node locus, 
Sin:iilarly it can be shown that the term 



/; 



[^2? ^kl [%5 b.2] 



vanishes at points on the conic node locus. 

Therefore A, 3A/3x, d^'^A/dx^ all vanish on the conic node locus. 
Therefore A contains C^ as a factor. 

Example 9.- — ^hnic Node Locus which is also an Envelope. 

Let the surfaces be 

a {x — a)^ + 3/8 (y/ — 6)^ + 3y (oj — a) % + %z^ == 0^ 

wliere a, ^, y^ S are fixed constants ; a, h the arbitrary parameters, 

(A.) The Discriminant. 

It is the same as that of the equation 



rn 



Therefore 



S 



a 



;SV 



^ 
-'<! 



Therefore 






(B.) The Conic Node Locus y tvhich is cdso an Envelope^ is % 
To prove this^ transform the equation by means of cc =:=^ a -{- 



X, y 



It becomes 



aX^ + 3/3Y^ + 37XZ + SZ^ ^ 0. 



C^ "1° "*- ) ^ — — s» zLij* 



Hence the new origin is a conic node, and one of the tangent planes of the conic 
node is Z = Oo 

Hence the conic node locus m z ^^ 0^ and it is also an envelope. 
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(C.) Ihe Locus ^8% + ^y^ ~ is an Ordinary Erivelope. 

This can be proved by finding the tangent planes parallel to z 

Hence it is necessary to satisfy at the same time 



a {x - 

y "~ b 



•J— X. t? 1 1 V/ 15 



unereioi %j 



of + ofi {y — hy + 3y {x 



Sy (x — a) + 2 Sz 



a (x — aY + Sy {x — a) ^ + S# = 
a (a? — ay + y^ 



a) ^ + S.^^ = 



^0 



(124). 






^y (a? — a) 2; + 



9.^ 



Bz^ 



The solution ^ :=:: of the last equation makes x ^=^- a, and does not satisfy (124). 
Hence it is necessary to take 



This gives 



Hence, when 



2y (x — a) ^ h% 



aS% + 4^^ ^~ 



a; 2= a + ^y^/aSj y =: b. 



-4' 



47*/ 



'4 / Cvvl 



the tangent plane is parallel 

system 5 
»iiji-ence 

is an ordinary envelope* 



to the plane % s= Oc lb touches a.11 the surfaces of the 



^r^J&M'' 



rf. 



4rte \h.~—Toijro^e thai if the Edge of- the Bvplanar Node cdways touch the Biplanar 

Node Locus, then A contain^s B'^' as a factor. 



(A.) It will be shown that when the condition (76) holds in the case of a biplanar 
node I0CUS5 then the edge of the bipktnar node always touches the biplanar node locus. 

The equation of the biplanes m given by (33). 

N0W5 if the left-hand side of (33) break up into two linear factors^ then the two 
planes, whose equations are given by equating the two linear factors to zero, will 
intersect in the straight line whose equations are given by any two of the three 
equations :— 
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^) + [f, V] (Y 
f ) + IV' v] (Y 

f ) + IL vl (Y 



v) + [^' C] (z 

v) + b' ^J (Z 

v) + [C. fl (z 



= 0, 
--= 0, 

0-0 



To find the tangent plane to the binode locus, proceed thus :- 
The condition (41) gives 



[f> f ] { 



a, a 



fi, ^.] •— [a, ^f] 



[e aj [^, ^J +• 2 [f, « 



which, by means of (76), can be wiitten 



f, /3] [«, /3] ~ [f, /3]' [a, a 







■f, 



a 



3 



a, I3J ^ 2 [£, a] [e ^] [a, ^] [a, a] + [^ ^J'^ [a, a]^ :z. 



Therefore 



imilarly 



[£ a] [^. yS] — [£ ^ 



a, a 



= 0. 



Hence 



[rj, a] [a, /3] -- [?j, ^] [a, a] — 0, 
[^3 a] [a^ ^] — [{, ^] [oe^ a] ™r 0. 

[E^] h.^] [r,/3] K^] w,m ' 



(125). 



(126). 



Now^ multiplying (16) by [rj^ a], (17) by [£ a] and subtracting 

[rj, a] {[e, f] (S^) + [f, >?] (S^) + [L Q (SC)} 

~ K «] {[^. f] (S^) + [v, v] (8^) + bi> Q (§01 

+ (S^) {[r,, a] [i, /3] - [v, fi] [f, a]} = 0. 

Now, by (126), the coefficient of 8/S vanishes, and the equation of the tangent 
plane to tlie binode locus is 



[£, a] {[rj, f ] (X ^ a + [^?. Vl (Y -- ^) + [^. Q {Z -^ 0} - 



(127). 



Hence the tangent plane to the binode locus passes through the intersection of 
two of the planes (125), and, therefore, through the edge of the binode. 

Hence the edge of the binode always touches the binode locus. 

It may be noticed, further, with respect to the edge of the binode, since equations 
(28) and (29) depend on (16) and (17), that since it is the intersection of the planes 
(125) it lies also on the planes 
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[a, f ] (X - ^) + [a, -n] {Y~r,)Jr [oi, Q {Z - i) == 0, 

[A f ] (X - f ) + [A v'] (Y - 7?) + [/S, C (z - C) = 0. 

(These planes, it may be noted, coincide in this case by (126).) 

Hence the edge lies on the tangent planes to the surfaces Df/Da =: 0, D//D/3 = 0, 
and it is obviously a tangent to the surface f ^==. 0. 

(B.) Conversely, if the edge of the bmode always touches the binode locus, then 
the condition (76) holds at every point of the binocle locus. 

The equation of the edge is given by any two of the three equations (125). 

Hence, if the edge is a tangent line to the locus of binodes, the equations (125) will 
be satisfied by putting 

the coordinates of a binode near to f, 07, {, which lies on the edge of the first binode 
and infinitely near to it. 
xience 

, [^,f](s^) + fi,>,](8^) + [f,rj(so = o.' 

[.?, f] (80 + i-n, -n] (8^) + [-n, Q {K) =. o, ^ . . , . (128). 
X, f ] (8f ) + [I ^] (8^) 4- [I Q (SO = 0. 



But equations (16), (17), (18), (28), (29), also hold. 
Hence, by (128) it follows that (16), (17), (18) become 



Hence 



t a] (Sa) + [f, ^] (S;S) ^ . 



y^, «] (S«) + [tj, ^] (8/3) = 
[I a\ (Sa) + [l fi] m = 



* * « 



9 9 4 



» ft 



^> «]/[^> ^] = bl, «]/h: /S] = [I «]/[4 y8] 



a a 



(129), 
(130), 
(131) 



132). 



Now only two of the five equations (16), (17), (18), (28), (29) are independent. 

Suppose that (16), (17) are independent. 

Then, since (28), (29) depend on these, relations exist of the form 



"^, (^[ 


— ^ \J, i] + H- [i> vl 5 [ 


;^^. /Sj 


7), a 


— ^ [f' v] + /^ [v^ v] 5 


h. ^] 


X^ ^l 


— ^ [f, Q + H- [C, v] 5 


:c. ^] 


a, a 


— X [f, a] + /^ [a, '57] , 


[a, ,8' 


a, IS' 


-- ^ [f. A] + /^ [yS, 17] 


;a ^; 






p 



f, ^1 + 0" 



P l^, otj -h (T [t], a] 
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Hence, by (132), 

p [i> i] + ^ [?^ ^] p [E ^] + a- [9?, 9?] p [I, n + ^ [^> ?] 

Therefore 

[Xor - /Xp] {[£, fl [7?, 7?] - [f, 7?J} == 0, 

and 

[\(r - M {[1^, ^] [7,, C - [I V-] [I Q] = 0. 

Hence, unless Xa- — /xp = 0, it is necessary to have both 



and 



Hejipe 



[^> ^] Iv, v] - [^> vJ = 0, 
[I f] [>?, C] - [f, ^] [^, Q = 0. 

[^ fl/[#, vi = [I viiH vi = [^> cm, a 



But if th^se results hold, the two equations taken to determine the edge of the 
binpde would be the same, and would liot determine it. Supposing then that those 
two equations have been selected, >yhich are independent, this alternative cannot 

hold, and therefore 

X<T — [xp = 0. 

Therefore 

[li_^] __- Il'jO _ [g> ^] _ [^^ ^1 __. [ ^> /g] _ ^ . 
[^ /3] -^ [.?. ^] K/3] [:.,/S] [A/S] p 

Hence |:he equations (126) ar,e ^atisged, and in particular 

-[a, a][y8, ie]^[a, i8J= 0. 

Hpncp, if the edge of the binodp always touch the binode locus, the condition (76) 

holds. 

(C) Ipi this case A is gi?pn by (108). 

Jjet £, Tj, ^ be any point on thp bippde Ipcus. 

Th§n when a? == £5 ^ == tj^ ^ = C? 



a^ = % 



a of surfac§ having a binode at ^, 77, ^5 



h^ =zh2 = h of surface having a binode at £ 77, C- 

Bfj/Bx = 0, DfJDy = 0, DfJT^z = 0, when x = £ 2/ = 7?, ^ =-• C- 
D/g/Da^ = Dfi/Bx, wher^ a^ = ^^ ^ = 7;, 2; = C- 

Therefore, D/g/D^ == 0, and similarly BfJDy = 0, BfJBz = 0, when x = ly = v, 

MDCCCXCII. — A» 2 f 
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Now if each of the differential coefficients of A be formed up to the third order, then 
every term in the result will contain as a factor one of the following quantities :— 

f^ orj^g, <^^ ^ fi^st differential coefficient of/^ ^'^ f^" 

Hence, when x -^^ ^^ y -^^ y], z •===. t^^ A and all its differential coefficients up to the 
third order vanish. 

Hence, if B = be the equation of the binode locus, such that the edge of the 
binode always touches the binode locus, A contains B^ as a factor by Art. 1, Pre- 
liminary Theorem B. 

Example \^.— Locus of Biplanar Nodes such that the Edge of the Biplanar Node 

ahvays touches the Bip)lanar Node Locus. 

Let the surfaces be 

a (x — of -\- ^{y — hY + 3 [c (;r — a) -^^ e {y — h) -\' gzf — hh^ ~ 0, 

where a, /3, c, e, g, h are fixed constants ; a^h are the arbitrary parameters. 

(A.) The Discriminant 

It is the same as that of the equation 

aX? + ^Y^ + 3Z (cX + eY + gzZf - /iVZ^ ^ 0. 
Hence, 

S = — ajice (g^^ + h^) z^, 



Therefore. 



A = ^' 



4 



{(a^^^) (3^2 _ /^2)2 ^2 ^ 4^^^ (^^3 ^ ^^3) (3/^2 _ ^2) ^ _ 4/^2 (^^3 _ ^^8'^2j2 

^64a3^Ve3(^2 + ^2)3^3 



In order to show the way in which the factor z^ arises, the method in which the 
discriminant is formed will now be examined. 
It may be obtained by eliminating X, Y, Z from 

(cX + eY + ^^Z) (cX + cY + 3(7^Z) ^ /iVZ^ ==: . , . (133), 
aX^- + 2cZ (cX + eY + gzZ) =. o ..... » (134), 

^Y^ + 2eZ (cX + eY + (^^Z) ^0 ..... , (135), 

Hence. 

Y = ± X /(e«/c^^). 
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Eepresenting both values of Y by Y = XX, it follows that 



aX^ + 2c (c + e\) XZ + 2GgzZ^ =z 0. 



Therefore, 



XXvjllOv?, 



1 



X/Z = - -^ (c + eX) ± - (c^ (c + eX)^ — 2cagz]^^^ 



X — a 



c 



1 

a 



(c +e\) ± - {g^{c + eX)2 — 2ca</2}i''« 



. . . (136), 



y-h = xl-^{o + eX)± ^{c3 {c + e\)'2 - 2cagzy!^\ . . . (137). 

These give the values of a, b which, when substituted in the equation of the 
surfaces, give the discriminant. 

The values of a, 6 corresponding to a point i, tj, C on the binode locus, will now be 
found. 

It will be shown presently that ^ = is the binode locus. 

Hence C = 0^ ^^d therefore 



^ — a =: — - (c 4" ^^) it: ~ (^ + ^^) 



c 

a 



V 



b = X 



G 
a 



n 

(c + eX) Jt: ~ (c + ^^) 



Hence, for each value of X, one of the values of a is ^, and one of the values of 
h is 7). 

Hence there are two sets of values of a, h satisfying D//Da = 0, IdfjDh = 0, which 
become equal when cc = ^, 3/ = tj, ^ = 0. 

These two sets of values both give a = ^, b •= rj. 

It will now be shown that the substitution of each of these systems of values of 
a, b in /, will give rise to the factor z^ in A. 

Now^ 

A-Y" "v y 

where 

X = ± ^{eajcfi), 



fx= (^Q ^ qX^ ^ -^ ^c^(^Q ^ eXY — 2cagzy^^, 



Substituting these in the left-hand side of (133), it becomes 



C'.c:/. J 



[(c/x 4" eXfi + 9^) (c/A + 6^/^ + 3^z) — hh^'] Z^, 

[/a^ (c + cXf + igix (c -{■eX)z + {3g^ - h^) z^] Z\ 

2 F 2 
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Althoiigli, to find the discriminant in the usual way, it is necessary to substitute 
each set of vahies of X, /x in this expression, and tlien to multiply the results together, 
it is possible to determine more readily which value of /a will lead to the factor z^ by 
expanding /x in ascending powders of z. 

Now 



ix 



— ~ (c + ek) db " (<^ + <2^) ^ 






agz 



9 



c ((3 + eX)2 2c^ (c + eXY 



» • s 



Taking the upper sign 



/^ 



gz 



ag'^z^^ 



c + e\ 2c (c + elCf 



Substituting this value of ju, in 



[/x^ (c + ^X)^ + 4^/x (c + eX) + (3^^ ^ h^) ^^] Z^ 

the coefficient of 2;^ in the bracket is (— A^), there being no lower power of z. 
This being true for each value of X, the factor 2!^ is accounted for. 
The other value of /x will lead to a factor, in which there is a term independent of 2;, 

The elimination will now be completed. 

It is necessary to substitute the values of X and /x from 



and 



m 



ajj?' + 2c (c + ek) fjL + ^cgz =2 0, 
fc^ (c + eXy + Agfji (c + eX)z + (3/ - ¥) r 



Substituting first for /x^, and multiplying by a, this becomes 

li{c + e\) [- 2c (c + eX)^ + Agaz'] + [-«» 2c^2; (c + cX)^ + olz^ (3/ — A^)]. 

Substituting both values of /x in this, multiplying the results together, and multi- 
plying by 06, the result is 



2cgz (c + eX)^ [— 2c (c + <2X)^ + 4cgazf 
•— 2c (c + cX)^ [— 2c (c + ^X)^ + 4:goLz 
+ a [— 2cgz (c +eXf + az^ {3g^ — /^^^"^s 



2cgz (c + cX)'- + az^ {3g^ - /^^)] 



This reduces to 



— ic^ah^ (c + cX)^ z^ 

+ 4cgra^ (3/^^ — g^) (c + ^X)^ z^ 
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Putting X^ = ea/cyS, and multiplying by ySY^, this beicomes 

^2^2 (3^2 _ I^2y2 ^4 _^ 4^g^^ (3/^2 _ ^2) ^^ ^ ^^3) ^ _ 4/^2^2 (^^3 _ ^^3^^2 

- 32ae3^c%V + 8c^eA [^a/3^^ (SA^ - /) - 2/i%^ (ae^ + jSc^)]. 

Substituting for X its two values i ^{eajc^), multiplying the results together, and 
reducing, it becomes 



z^ 






This is the same value as before for the discriminant. 

(B.) The Surface 2; = is a Binode Locus such thai the Edge of the Binode touches 
the Binode Locus, 

Transforming the equation by means of x = a + X, j^ = 6 + Y, 2; =: Z, it becomes 

aX^ + ^Y^ + 3(cX + eY + gZf - ¥Z^ = 0. 

Hence the new origin is a binode. 

Hence the binode locus is 2; == 0. 

The biplanes are 

3*(cX + eY + ^Z)~/^Z=z:0. 

3-^ (cX + eY + ^Z) + hZ = 0. 

The equations of the edge are therefore 

cX + ^Y=: 0, Z=0, 

It lies therefore in the plane Z = 0, ie., in the plane ^ = 0. 
Hence it may be considered to touch the binode locus. 
The condition (76) is sa,tisfied at every point on the binode locus. 
Hence the factor z^ is accounted for. 

(C.) TheSur/hc^ 

{a^jB' (3/ - h^f z^ + ^ga$ {a(^ + M (^^^ ^ 9^) ^ - 4A' (^^^ - M^? 
«- 64 a?lih^e^ (/^ + h^f z^^O 

is an ordinary Envelope. 

This may be proved by finding the tangent planes parallel to the plane 2: = 0. 
Hence it is necessary to satisfy at the same time 



iuZi'Li 
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OL {x -^ of -\- ^{y — hf -{- Z[g {x — a) -{- e {ij — h) + gzf — hh^ = (138)^ 



a {x — aY + 2c [c (ii5 — a) + ^ (;?/ — - 6) + gz 
/3{y — hf + 26 [c {x -- a) + e {y — h) + gz] 



3g [c (x — a) + 6 (y — 6) + gz] — /i% 



== (139), 
= (140), 
#:: (141), 



or putting x — a = X/Z, y -— b = Y/Z, the equations (138)-(140) become the same as 
(133), (134), (135). 

Hence the result of the elimination will be the same as in the pi-evious case. It is 
only necessary to show that (141) is satisfied. 

Multiplying (139) by {x '— a), (140) by {y — b) and subtracting from (138), it 
follows that 



[c{x- 
Therefore 

[c {x - 
Therefore 



a) + ^ (2/ — • &) + 9^] [c {x — a) -{- e (y — b) + '8gz] — AV = 0. 



a) 4. 6 (^ — 6) + gzf + 2(72; [c {x — a) ■+ ^ (?/ -~" ^) + 9^] — hh^ = 0. 
c{x — a) + e {y --. b) + gz = -- gz ± z ^[cf + W). 



Hence (141) is not satisfied unless % = 

Now ^ = makes c (a? — a) + 6 (3/ — 6) + gz 

Therefore a? = a by (139) and y == 6 by (140), 

This solution corresponds to the binode locus. 

It may therefore be excluded. 

Hence the factor of the discriminant under discussion corresponds to an envelope 
locus, touching all the surfaces ; it consists of four planes parallel to % = 0^ whose 
equations ai'e independent of the arbitrary parameters. 

Section 17. (Arts. 16-25).— Coksidebation of cases resehved from the previous 
SECTION, The decree of f {x, y, z, a, b) in a, h is How the second, and the 

EQUATIONS Df/Da ^ 0, D//D6 = abe indeterminate eqUxItions .for the 
parameters at points on the locus oe ultimate intersectioxs. 

It was supposed in the previous section that the degree ofy(^, y, z, a, b) in a, b was 
higher than the second ; for if the degree were the second, and the analytical condition 
satisfied which expresses that at a point on the locus of ultimate intersections, two 
systems of values of the parameters, which satisfy DfjDa ~ 0, Dfjldb = 0, become 
equal, then this analytical condition requires to be specially interpreted. 

For now D//Da =: 0, DfjDb = are two simple equations in a, &. Hence they are 
either satisfied by one value of a and one of b, or else are indeterminate. But since 
the condition 
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Dy Wf 



J)H \^ 







Da3 Dh^ \Da D6 
holds, they are indeterminate. 

In this case the discriminant cannot be formed as in the pre scions section. 

There are not two coinciding systems of values of the parameters to consider. It is 
shown that there is one system which can be determined. 

There is also the additional peculiarity that the rationalising factor introduced to 
make the discriminant of the proper order and weight always vanishes at a point on 
the locus of ultimate intersections. Hence, on account of it, the equation of an 
envelope or singular point locus may be expected to enter into the discriminant one 
or more times. As this number cannot be determined in a general way, it is better 
to express the equation of the system of surfaces as a cjuadric function of the para- 
meters, and form the discriminant in the usual way. 



Art. 16. — The Discriminant and its Differential Coefficients as far as the third order. 



Let the equation of the system of surfaces be 

iia^ + 2Wah + vl^ + 2Va + 2U6 + w = 
To find the discriminant, solve for a, 6, the equations 

ua -|- W6 + V =:: . 



» « 6 



Wa + t?6 + U =r. 0. 



obtaining hence 



a 



h = 



w u - ^V 

uv — W^ 



V 



J 



Now substitute these values of a, h in the left-hand side of (142), 

The result is 

t^ W V 



The rationalising factor Is 



Hence the discriminant 



W V 

V U 


u 

w 


• 
• 


u 

w 


W 

V 


U W 








W V 


» 








u 


W V 




A — 


W 


V U 






V 


u 


V) 





(142). 



» » 



6 S 6 



(143). 
(144), 



. (145). 



(146), 
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Therefore 



»■■*** jj? " 



U^ \^' 



r 



X 



V U 



X 



w ^ u 



ID 



+ 



u 



"Wx v.^ U.^ 



V U 



IV 





tt 


w 


V 


+ 


w 


V 


u 




V. 


u. 


W.r 



(147) 



^;i:;t? 



W 



+ 2 



w 



a;^ 



V 



u 



V u 



w 



y X ^ X '^x 



"P 



'U 



w^ 



XX 



V 



XX 



XX 



V U 



"-p 2 



^(; 



u. 



'X 



W 



Y^ V 



T 



W^ V, 



X 



I0.r 



X 



+ 



u 



W V 



w 



-z; 



V :?:.r W 



+ 2 



:r.tr 



u 



ta 



XX 



W,^ v^ U 
V U z(; 



a; 



a: 



. (148), 



A., 



y 



?/ W V 

w V u 



Y U 



w 



+ 



la ii fca i t ^Q 



r 






r 



+ -^ 



^6 



W '?; IT 

^.^ xy ^xy ^^ xy 



V u 



y ^ y y 



V U ty 



a? 



^X ^^ X ^ X 

W V U 



^t^ 



H" 



Ua, W^ Yx 




^ y "^y ^y 




V U t(; 











tt W V 

W V u 

V TJ in 

^ xy ^-^ xy '^xy 



y ^y 



V 



U 



V TT w 

V X ^ X f^x 

u W V 



V U 
y ^y ^y 

X ^ X ^^x 



u W Y 



V U 

X ^X ^^ X 

■ TT w 

y \J y VUy 



> 



> 



J 



(149). 



A 



'XvOvO 



u. 



XXX 



W V 



WOutAj ^ WX 



W V u 



ty 



4" two similar terpas 



+ 3 ^ 



V 



vt-i-V \f)^ 



V U %o 



-p 6 






X 



X 



It) t-l^,'^ 



+ 



U 



JL tAy 



XX ' XX 



T 



V U 
V^ IL w^" 



"^ 



> 4" two similar terms 



6 r ft 



fl » 



. (150). 
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xxy 



It W 

W V 

V u 



xxy 

u 

w 



+ "^ 



"7" 2 < 



+ two similar terms 



%i^ 



XX 



W 'V 



XX ^ XX 



y y 

V u 



y 



w 



u W V 

^xy ^^ xy ^ ^y 



X 



» » X ^X *-'' A 

Y U w 



y y y 



+ 2 









-j- 



^■^XX ^^ XX y XX 

W -y U 
y y y 



^Xy » V ^'y 



w t? 



xy 

u 



^{; 



^ 



+ 2 



M^ W^ V, 



^ ^^y 



u 



y 



V .r \.J X f'fy.T^ 



> + two similar terms 



> 4" two similar terms 



J 



+ 2 



i^:i' ^y X ^ X 

y .^ y 



» \ X tJ A. f 4 



il 



^y^ 



w 

V 



w 



xyz 



V 



+ 



w 



t;. 



+ 



^^« 



W 



3^ 



^ 






UltlClM 



fs^r™ *^ 



w. 



V, 



iJuAwM 



V 

'^ xyz 

u 



•^^ ^^ y ^y 



u. 






W. V. 



u, 



y 



u W V 

^xy ^^ xy » xy 



\J, 



\ V w 
M W V 

' » iTj/ ^xy ^ xy 



V. u. 



w.. 



+ two similar terms 



+ 



[-.lljmt 



+ 



4- 



% '' y 



X 



y 



'U 



X 



w. ■ V. 



W V IT 



W V 
W V 



w, 



TJ 
U 



'^ .arj/ ^ xy ^xy 



P » l |M LW i 



+ 






C^ll—TW 



u 



z 



^^ Y 



H' 



7 



X 



v^ U, 



.^ 



V TT 

V y KJ y 



lU. 



y 



tlx VV X ^ X 

y ^ y ^y 



u.. 



W. V. 



W V U 

^^ xy ^xy ^ i^^' 

V U «; 

tt W V 



"^ 



-^ 



+■ six determinants, which can be obtained from the last six by interchangin 
X and z 

4- six determinants, which can be obtained from the same six determinants 
by interchanging 2/ and ;^ ............. (152). 
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Art. 17.— The relations ivhich hold good at points on the Locus of Ultimate Intersections. 

(A.) The analytical condition (76) which holds, becomes with the notation of this 
section 

"" v/ « 6 s • • s » a a » \ L ij tj fe 



ttv — W 



/i 



Hence the values of a, b given in (145) are either infinite or indeterminate. 
Excluding the cases where they are infinite, it is necessary to have 



WU - fV = 



r 



» » 



154). 



Again, by substituting from (143) and (144) in (142), it follows that 



Ya + XJh -j- w ^= 



S i 9 i ^ 



i * 



(155), 



Solving (144) and (155) for a, 6, it follows that 



a 




« 3 ^ * 



S 3 « 



(156 



Hence by (154) these values will be infinite unless 



vtv — U 







Hence by (153), (154), (157) 



UV - Wiv = 



u : W : V 



5 la A ^3 -S 3> 



■™v 



: '?; : U > 



Y ' 11 ' w 



<S 3 



* 3 o a « 



(157 



I J. Do 



Now if P = 0, Q = represent any two of the five equations (153), (154), (157), 
then these are satisfied at every point of the locus of ultimate intersections. 

Let ^, 7], C and i + B^, rj + Srj, ^ + ^C be neighbouring points on the locus of 
ultimate intersections. 



Then 



p)P p)P Ap 






0, 
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Now the only relation between 8£, 87;, 8^ is that which expresses that the point 
1^ + S^, 77 + 87;, ^ + 8^ is on the tangent plane to the loons of intersections at ^, 7], C- 
Hence 

It is now possible to determine the values of a, h which are indeterminate as given 
by (145). 

For, representing the value of C6 in (145) by the equation 

a = P/Q, 



it follows that the true value of a is the limit to which the expression 

f)P 3P 3P 

approaches, when 8^, 87;, 8^ vanish. 

Now P = 0, Q = ; hence by (1 59) the true value of a is equal to any one of the 
three ratios in (159). 

Besides the values of a, b given in (145), (156), other forms may be obtained from 
equations (143), (155). 

Putting these together 



WU - vY vw -W UV ~ W^ 
a = 



■^ 



uv ~ W3 WU - V^ WV - J]u 

y . . . . (160). 

__ WY •- uJ] _ UV - W^^ _ u w ^ Y^ I ^ ^ 

^ -^ u,; ^. w^ "" WU -^""V^ "^ \NY - U^ J 

All these values are indeterminate. 

Now although the value of each of these fractions can be found by differentiating 
numerator and denominator with regard to any the same variable, yet they will not 
all lead to the true value of a, 6, because the true values of a, h are found by 
solving the equations ua + Wb + V = 0, Wa + '^'^ + U = 0, and finding what the 
values approach to as the coordinates approximate to the coordinates of a point on 
the locus of ultimate intersections. Now at points not on the locus of ultimate inter- 
sections, the values of a, b do not satisfy Va + U6 -^ w =. 0. Hence the true values 
of a, h cannot in general be found by solving this last and either of the preceding 
equations, and then finding the values to which these approach as the coordinates 
approximate to the coordinates of a point on the locus of ultimate intersections. 

The true values are obtainable only from the solutions (145). 

2 G 2 
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(B.) If there be a conic node locus^ then, besides equation (142), the following 
must be satisfied — - 

M:,a^ + 2W^ab + Va,¥ + 2V.^a + 2U,,?) + w^, = . . . . (161), 



Uya^ + 2Wyab + Vyb^ + 2V,,a + 2U,.& + iVy = 



» « » 



. (162), 



u,a^ + 2W, ab + '^^^^^ + 2V,,a + 2U^'6 •^ w, = , . , . (163). 

(0.) If there be a biplanar node locuSj then the equations (126) are satisfied as well 
as the preceding. 

In this case these are 



2 (u^a + WJ) + V^ : 2 {u^a + W^b + V^,) : 2 {u,a + W,6 + V,) : 2ic : 2W . 
2 (W^a + v^b + U^) : 2 ( W^^a + n^b + U^) : 2 (W,a + vj) + U,) : 2W : 2v \ 



(164), 



From these, the following may be deduced. 
Introducing a quantity X, such that 



u,ja + W,^& + '^x = X 



■II 



^ ■? 



it follows by (164) that 
From (165) and (166) 



W-<-« iww-f "n^sra ^ *^~~Tr""'^* 

^^a 4" "^d^ + Ua. = XW 



# * # ff a 6 



9 ft I X O tj Ij 

(166). 



u,a^ + 2 W,,a& + vj)"^ + ciV^ + &IJ,, =: X (aw + &W). 



Hence by (143) and (161) 



VI XT 7 1 



e a » 



6 « \ JL \/ f /« 



Similarly 5 quantities jul, v exists such that 



W^a + "^yb + U^ 



and 






'7 ' 



> 



V 8 



V^a + UJ:> + '^^h =^ ^"V 



(168), 



« ¥ ^ B 9 '^ 



. (169). 



Consider now the equations (143), (144), (155), (165), (160), (167);- multiply (143) 
by — V:„ (1.44) by W;,:, (165) by — v, (166) by W, and add. 
Therefore 



a (2WW, - ttv, - vu,) - Yv, + UW. - ^;V, + WU, = X (W^ - uv). 
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Hence, at points on the biplanar node loo as, 

a^{uv- W) = I (U W -^ V^) ..... . (170). 

(joj goo 

Again, multiplying the same equations by W.^., — tix, W, — 2^ in order and adding, 
it follows that 

h |_ ^uv - W^) = ^ (Y W - \Ju) (171). 

Again, multiplying (144), (155), (166), (167) by — IJ,^, v^, — U, t? in order and 
adding, it follows that 

a ( - WU. + Yv, - IJW. + vVx) + {m. + wv,, - 2UU.) = \{vY^ UW). 

Hence 

a i (UW ~- t;y) z= ^ (vio -W) (172). 

Again, multiplying the same equations by Y^, — W,,, V, — W in order and adding, 
it follows that 

?^|^(UW--t;V) = g^(UV---^W) (173). 

Again, multiplying (143), (155), (165), (167) by U„ — W^„ U, — W in order and 
adding, it follows that 

a {uU, - V W, + Vu, ^ WV^) + ( VU, -» t(;W, + U V. - Wm,) :z= X (t^U - VW). 

Therefore 

ai(VW--t(U)=:^(UV~-t/;W) . ■. .... (174). 

Again, multiplying the same equations by V^, — u.jc, V, ■— ■ -u in order and adding, it 
follows that 

h^l^Y^ •^uJj)^'^_^{uw-Y^) ...... (175). 

Further comparing the three equations (168) or the thtee equations (169) with 
equations (165)-(167), it is evident that it is possible in aiiy one of the equations 
(l70)-(]75) to replace x by either y or z. 

It will be noticed that in the case of the biplanar node locus, the true values of the 
parameters may be found from any one of the ratios in (160). 
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(D.) If there be a miiplanar node locuSj then in addition to the results obtained in 
(B) and (C), it follows by (48) that 

= u^^^a^ + • • • • u,^y<^^ + * * • • %«^^ + — • ' 2 (%a + W,jb + V^) : 2 (W^a + v^b + U^,) 
= u^^a^ + . . . : u^,a^ + • — • "^h^A^ + . . . : 2 (u^a + WJ> + V^) : 2 (W^a + vj) + U-,) 
= 2 (t^.,,a + WJ) + V,) : 2 (u^a + W^6 + V^) : 2 {u,a + W,h + V,) : 2u : 2W 
= 2 (W^a + vJ) + U.^) : 2 (W^^a + t;^,^ + U^,) : 2 (W,a + t?,6 + U,) : 2W : 2v (176). 

(E.) (i.) The following equations will be useful in the case of biplanar and 
uniplanar node loci :-— 



P R Q \ 



W. V 



X «- X 



V U 



w 



• p 1^ Q 

+ : W V U 



+ 



?fx 


w.. 


V. 


E 


? 


p 


V 


u 


tv 






u W Y 
m q ¥ 



V. u 



X ^^ X ^'^ X 



iv^. 



tl ililiiiinwW 



"^^X ^ X ^ X 

W ij u 

Q P T 



■tm t m a U mr 



■if W V 



Q P r 



(j9a2 + 2lla6 + qh^ + 2Qa + 2P5 + r) ^- (uv — W^) . . . (177). 



For the first and second determinants 



p I (vw - U^) H- R |- (UV - Wm;) + Q I (WU - Yv). 

(JX (JiAj G'.^ 



The third and fourth determinants 



R ~ (UV ~ Ww) + qf (uw ~ V2) + P ^ (WV - Vu). 

(jiV GvC GX 



The fifth and sixth determinants 



Q ^ (UW -^ v^o + P el ^^^ "" ^^^ + '' ^ ^^^ ~ ^'^' 
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Hence in the case of biplanar and uniplanar node loci, these six determinants are 
by(l70Hl75) 

= (pa^ _|. 2Ra& -(- qW + 2Qa + 2P6 + r) ^ {uv — W^). 



(ii.) 



For 



A' 



X 



w W V 

Vi'ltmi I' ^e* 



w 



^ 






M 



>i? 



W 11 TT 



u 

X^u ^ (uv — W^) 

ox ^ ^ 



W^ v^ aW^ + bv:, + U^ 
V,, U'^. aV^ + bU^ + w^ 



W u 



w 



.« 



w 



V 






(178) 



^ 



u WO 



Xa ( _. M^W^ + 2ttWW., - li^v^ 
X^ ( — t*«wt) + 2wWW^ — uH^) 



\H ^ (uv - W3), 

ax ^ ' 



(iii.) 



fiftiiiiwt 



3* ^j/ 






iLi'if 






W 



'J 



Y 



^ 






2UJ^W ;.- C til) 



?a^ 



U, 



y 



w,. 



r"i f iiiii 



+ 






V TT 



t^ 



w 



W 



y 



t^. 



f 



a 



w^. 



w,« V, 



^ 



IT. 






VMUMh 



+ 



ti^ 


w. 


V, 


w. 


■«^* 


u. 


V. 


u. 


^y 


'^il? 


w. 


T. 


w. 


V, 


u. 



V, u. 



2^ 



a 



w. 



y 



W^) — 2vk%i ^ ('U'?) — W^) -• 2X/i^ jr (^^^ -^ W^) . (179). 
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For multiplying the first column in each of these determinants by a^ the second by 
h^ and adding to the last they become 



'^S^P^^' 



U,j Wy (Jill, 




Uy Wj, llU 




tig Wg I'it 


W,, V. XW 


KK^aibtt] 


W, V, vW 


+ 


W, v, XW 


V, u. ^V 




V. U. XV 




V, U, /.V 


u.;, W^ vii 




tix W,^. \ih 




U,^ Wa; Xti 


W^ Vy /xW 


4- 


Wy Vy fxW 


C&»4 SB-Li 


W, «;, vW 


V. U. XV 




V, U, vY 




y y f^ 



The coefficient of X is 



u^ 


w. 







Ih 


w. 


ti 




Ug 


w. 


u 


w. 


v« 


w 


+ 


w. 


V, 


w 


+ 


Wy 


^,y 





V. 


u* 


V 




V 


u. 







V. 


u. 


V 



The coefficient of (jl is 



■M W 



^^^ 



1^ 



\V * V'Tj VY 



V. u. 



u 



X 



m 



V. u. 



n 



+ 



?^s W. 



w„. 



V, 



X ^it' 



V. [J. 



The coefficient of v is 



Uy 


W, 


u 




«> 


w. 


u 




%• 


w. 





w. 


«*■ 





+ 


w. 


^•v 


w 


+ 


w. 


Vj, 


w 


V 


u, 


V 




v.. 


u,. 







V 


u. 


V 



The ooefficieBt of \l can be obtained from that of X by changing % into x and y 
into ^« 

The coefficient of v can be obtained from that of X by changing y into x and ^ 
into 2/. 

Hence it is sufficient to calculate the coefficient 
The coefficient of Xj viza 
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y y 







A' 


w. 


u 




W, V, 


w 


+ 


w. 


Vy 





+ 


V. u. 


V 




V. 


u. 


V 


i 


Hy W y 







ft/ 


w. 


?( 




W, V, 


w 


+ 


w. 


'"y 





+ 


V. u. 


V 




V, 


u. 


V 





u. 



W, 



W. 



u 



W 



Y,. U„ 



,y 



y 



u. 






— au 



y 



^4 w 

'- hWy /xW — a-W^, — hvy 



^ 



t^. 



W. 



u 



W, 



'?;« 



7 



u W 

+ ti, {V74 ^ WU, _ a (WW, - uv,)] 

+ W, { WY, - 2VW, + u\J, -hiww, 

+ v^ (Vu, - uY, — h {uW, — Wu,)} 



uv^) — a (ttWj — Wug)} 



+ uy{v, {au 4- V) - W (aW, + U.)} 

+ W, (W {au, + V,) - W, {au + 6W + 2V) + u {hv, + U,)} 

+ V, {u, (6W + V) - tt (^-W, + y.)} 



3 



— fXU^ {uv — W ^) 



' dz ^ 



W^) -- vu ^ {uv ^ W^). 



Hence the coefficient of /x obtained from this by changing z into x, and y into 2; ; 
andj therefore, v into X, and /x into z^, is 

— pu ;r- (t//?; — W^) —Xu^ (uv •— W^). 

And the coefficient of v, obtained by changing, in the coefficient of X, y into x^ and 
z into y, and therefore, /x into X, and v into /x, is 

— X^^ ^- {uv — W^) — [xu ^~ (z^t; — W^), 
From these the equation (179) follows. 

MDCCCXCIT. A. 2 H: 
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Art. 1^.— -To prove that under the conditions stated at the head of this Section, every 
Surface of the System touches the Locus of Ultimate Intersections cdong a Curve, 

Consider the surface (142), the values of a, h being now supposed to be fixed. 

Consider any point £ t], I on the curve in which the surface (143) meets the locus 
of ultimate intersections; then, by (158), these coordinates also satisfy the surfaces 
(144), (155). 

Multiplying (143) by a, (144) by &, (155) by 1, and adding, it follows that these 
coordinates also satisfy (142). 

Hence any point on the curve of intersection of (143) with the locus of ultimate 
intersections lies on (142) and (144) aJso. 

Hence the surfiices represented by the three fundamental equations meet the locus 
of ultimate intersections in the same curve. 

It is necessary to prove that the surface of the system (142) will touch the locus of 
ultimate intersections along this curve. 

Now, 



5_ 

Dm 



{ua^ + 2Wa& + vW + 2 Va + 2U& + %v) 









to 



[(ua + W6 + Yf + ¥ (uv - W2) -f 2& (Uu - VW) + (wit) - V^)} 



= - "^^ ^(^ua + Wb + Yf + h^ {uv - W^) + 26 (Um - VW) + {im - Y^)} 






tl 



1 f 



V 



D 



2 {ua + W6 + V) " {ua + Wb + V) 



Dx 



I) 



I) 



I) 



+ ¥ ^ (uv - W^) + 26 ^;^ (Uu ^ VW) + ^^ (uw »» V2) 



Da' 



Dx 



Hence, at a point on the locus of ultimate intersections, this is equal to 

1 J 52 1 (uv -^ W^) + 26 ^(Uu ^ VW) + ^ (uw ^ Vn 

!(, [ ax ^ ox ^ ' da; ^ ' 

Hence the tangent plane to the ptirface at the point x, y, z is 



a 



(X -x)Wj':^ {uv - W3) + 2& f- {Vu - VW) + f (uio - V^.) 

1 €JX ox ox 



d 



-l-(Y-y)^¥^^{uv 



—p ( Zj 



r d 

z) i W t:: (uv 



W^) + 2b ~ (Vu 

8 



8 



VW) -1- -- {uw - Y^) 






w^) + 2b g; (Uu - VW) + ^^ {uw - v^) y ■= 0. 
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Now this, by (159), reduces to 

(X ™ X) I [uv - W^) + (Y - ^) I {uv - W^) + (Z - 2) I {uv - W^) = 0, 

which IS the equation of the tangent plane to the locua of ultimate intersections, since 
uv — W^ = at every point of the locos of ultimate intersections. 

Hence each surface of the system touches the locus of ultimate intei-sections along 
a curve. 

Art. 19. — To prove that under the conditions stated at the head of this Section, there 

are in general at every point of the Locus of Ultimate Intersections ttvo Conic 
Nodes ; and if C :^ be the equation of the Locus of these Conic Nodes, A con- 
tains C^ as a factor. 

(A.) To prove that there are in general two conic nodes it is necessary to show that 
there are in general two distinct sets of values of a, b, which satisfy (142), (161), 
(162), (163). 

These will be satisfied if (143), (161), (162), (163) be satisfied 
Eliminatirjg b from (143) and (161) the result is 

a^ {Whi, ^ 2u'WW, + v,u^) + 2a {iNv, - V WW,, + W^Y, ^ W^U,) 

+ (V%, »- 2WVU. + Who,) = 0. 

Hence by (153), (154), (157), after division by t^, it follows that 

1^ ^uv ^ W^) + 2a ^ {Yv -«- UW) + ^ {vtv -»-. U^) == . . (180).^'^^ 



a^ 



And in like manner by eliminating a between the above equations 



6^ i {uv ^ W^) + 26 l-\XJu ^ VW) + .^ {%iw - V^) ^ . , (181).t 

iJJb (Jtv GtKj 

Further, by means of (159), it is possible in these equations to change x into y or 
into z. 

These equations will be called the parametric quadratics. 

Hence choosing a and b to satisfy (143) and (161), they will also satisfy (143) and 
(162), and (143) and (163). 

Hence it is possible in general to find two distinct systems of values of a and b 
which satisfy (142), (161), (162) and (163), at points on the locus of ultimate 
intersections. 

* The mean of the values of a satisfying (180) is the value of a given by (170). 
t ^l^e ixean of the values of h satisfying (181) is the value of h given by (171) = 

2 H 2 
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Hence there are in general two conic nodes at everj point of the locus of ultimate 
intersections. 

(B.) It follows from (146) and (147) by means of (158) that A, dtkjdx both vanish 
at points on the locus of ultimate intersections. 

By symmetry dA/dy^ dA/dz also vanish. 

Hence A contains C^ as a factor. 

Example IL — Locus of two Conic Nodes. 
Let the surfaces be 

(al + h^x^) ((X ■— a)^ + 2 (yS^ + Zexy) {x -— a) (y — b) + {yl + e^) {y — bf 

+ %C (^^ — a) + 2ht, (2/ — 6) + ^C"" = O5 

where i^=^ z -— ex — dy \ and a, ^^ y^ S^ e, c, d, g^ h, k are fixed constants ; a, b the 
arbitrary parameters ; n = 1 or 2« 

(A.) The Discrindnant. 

This can be formed by solving the equations 

{a^ + S%^) (x — a) + i^C + Se^^^) (y "™' &) + ^C = O5 
O^ + Sea?^) (a? — a) + (y^ + €hf){y — 6) + /i^ = 0, 

for a, b ; and substituting in 

gC {x — 0^) + kC {y — h) + k^''^ 

The values of a, b are (after removing the factor I which makes them indetermi-" 
nate) given by 

{hjB »™ ^7) ^ 4- ey (IiBx — gey) 



X '— a 



■(^^ ^13^)^-}^ {ae^y^ ^ ^jBheMj + ryS^.v^) 



Substituting these values, and multiplying by the rationalising factor 

UV — iD^^l [{ay — jS") i + (ae^;^-^ — 2^Bexy + 78%^)] 

the result is 

^ (ay ^ ^^) C" + ^ + ^ (ot€y -- 2/3Sea^iy 4' 7^^^^^') V^' 

— (a/^.^ — 2figh + yc/^) ^^ — (hSx — g^ei/)^'^ { 
This might also have been obtained from the form (146), 



.J 



n 
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(B.) 2%e Locus of two Conic Nodes is C = 0? ce^^ if n =■ ^ there is cdso a Curve 
Locus of Conic Nodes. 

The singular points are determined by finding solutions of /= 0, Df/Dx ^=: 0, 

Bf/By = 0, Bf/Dz ^ 0, 

But since I)//D{ =: I)f/Dz, the equations 

f^ 0, BffDx =. 0, Bf/By =. 0. Bf/B^ = 

may be used instead, where x, y, ^ are now the independent variableSj so that the; 
meaning of the symbol of differentiation D is changed. 
The equations to be satisfied are 

(a^ + 8%^) {x -- a)^^ + 2 {^C + 8exy) {x - 6^) {y - b) + {yC + ^f) {y - bf 

+ 2gt {x ^ a) + 2H {y - b) + kt 

hx {x — a) -\- ey {y — 5)j S {2x — a) + { [a {x — a) -{- ^ [y --- b) + 5^] = 0^ 
Bx (x -- a) + ey {y — b)] e{2y ---b) + C [^ {^ — a) + y {y — b) + h] = 0, 
a {x — a)^ + 2fi {x — a) {y — b) + y {y — bf + 2g (x — a) + 2h (^ — » &) + nk^''-^^ = 0, 

From these it follows that 

Bx {x — a) -^ ey{y — bff + k{l — n) 'Q' ~ 0. 

(i.) One method of solving the above equations is to take 

Bx {x •— a) -^ ey{y '^ b) = 0^ 

a {x — a)^ + 2^ {^ — a) {j/ — b) + y (y -- fjf 4- 2g (x —- a) + 2h {ij -- 5) + nkl''"^^ ^ 0. 

Hence whether n = 1 or 2, there are two values of b, and two corresponding values 
of a. Hence there are two conic nodes. H^nce C ^ ^'s a locus of two conic nodes, 
(ii,) Another method of solving the equations is to take 

S (2x — a) __^ u (x — a) + {y — h) -^ g 
e (2^/ — &) /3 (,r -» a) -f 7 (^ =-- h) + A 

^&x (;r — a) + ej/ (1/ -- bf\ B {2x — a) + I [a {x — a) + ^ (?/ — ^0 + 9] ^ ^^ 

^ (i» — af + 2/3 (.-r — a) (^ — fe) + y (;i/ — 5)^ + 2g {it. — a) + 2/2 (j^ -- 6) + ^i.!;^^^"^ 
Sir {^t — a) +- t;y (t/ -» 5) p + ^ (t -• n) ^' ^ 0. 



*=w?*^ ^ ^ a 
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If 71 ^^ 1, then hx {x — ex) + €^ (j/ — 5) = 0» 

Hence ^ = 0^ and this is the same sohition a8 in (i.), 

Ifj however^ n = 2, there are four equations to be satisfied by x, y^ I. EKminating 
X, y^ I it is necessarj^ that a certain relation should be satisfied by a^ b^ in order that 
the equations may be consistent. 

From the above equations (when n ^ 2 



hx (o^ — a) + ^y {y -—h) = \/ K I 

\/ k8 {2x-—a) + a [x --- a) -{- /3 (y --- b) -{- g ^^ 0, 



rejecting a solution { ^= 0. 



a(x — ay + 2/3 (x 



y K € (2^^ — &) ~f" iS (a^ -^ a) + y (y — &) + ^ =^ 0^ 

^a) {y — b) + y{y -- bf + 2g {x — ct). -^ 2h {y — h) 

+ 2\/k [^x (a? — a) + ey (y 



hi 



xxoncu 



g (x — a) -^ h (y '^ b) ^ \/ k [ ha (x -— a) + €& (3/ -^ b) \ =^ 0< 






tJil VyV? 



(x — a) (a -f 2Sv /c) 4" (^' "^ &) /S 



^h (S' + aSv/c) ^ 



a) /? 



4- (y ■'^ &) (7 + 2€\/k) + (^^ + b^s/ k) =: O5 



(x — a) (g' 4" c«S\/ic) + (y -^ &) {^h + b^s/ k) 



0. 



Jence 



^ 4- 2S\/k /3 

^ y 4" 2€\//<; 

r/' 4^ aZs/K h 4- be%/ K 



g 4" (^d\//c 

.4 4^ b€\/^ K 



t , (S<i 



[g -{- a h'\/ Kf (y + Sev^) -^ 2^ (f 4" a B\/k) (h + bev k) 

+ (/l + bex/Ky (m + 2 S\//<:) 



0, 



0, 



Hence only when this relation holds between a^ b^ will there be any conic node on 
the surface which is not also on the locus l-^^Q, 

As in the general theory explained in Art, S^ this leads to a curve locus of conic 
nodes. It need not therefore be further considered. 

Hence the only locus of conic nodes that need be considered in the discussion of the 
discriminant is ^ :==: 0» 

N0W5 whether ti = 1 or 2^ the lowest power of I in the discriminant is C^ ; hence 
this factor is accounted for, 
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(C.) The Locus 

— i (ah^ — 2^,g4 + yg^) — (7^8^:^ — geyf =: 
^5 aTi Ordinary Envelope. 

The condition ti^^ -~ iv^ = Oj 

« 

C [{ay -« y8^) ^ + (oee^^2 _ g^ Se.^^ + y S2a.2|j ^ q, 

is not fulfilled at every point of this locus. 

To prove that it is an env^elope it will be sufficient to show that ii x, y^ ^5 be chosen 

so that 

{at + h^x^) {x^a)+ {fiC + 8exy) {y -^ b) + gC =^ 0, 

ifiC + 8exy) {x -- a) + {yt + e^) {y - h) + ^ = 0, 

then the surface 

K'' {oty - /3^) + H""'' (o^e^f - 2l3Sexy + yh^x^) 

— ^ {och^ — ■ 2figh + yg^^) — (A8i^ — geyf = 
touches the surface 

{aC + 8V) {x -^ a)^ + 2 (/?C + 8€a^^) {x -« a) (^ - h) -f (y^ + c^) {y - 6f 

4- 2^9^ {x - a) + 2AC (2/ - 6) + yfcC" .= 0, 

Calling the last tv^o equations (^ = 0, /"= respectively, the conditions for contact 
may be expressed thus. 

The same values of x, y, ^, must satisfy 



:d^ / :d/ ^ D^ / 5/ ^ Dc/) / D/ 

J)x I Dx I)y I jyy D^ / D? 



5 



where x, y, t, are the independent variables. 

The values chosen for x^ y^ ^ obviously makey= 0* 

Also eliminating X -^ a, y ^^ h^ the result is ^^^ -:= 0„ 

Hence the values of x, y, ^ can be chosen so as to make (^ = 0. 

Next 

'— =. 28 (;^ - a) [Sx{x - a) + ey {y - 6)] 

+ 2 [{aC + 8V) {x -~ a) + (/3^ + Sexy) {y ^ h) + g^ 
=: 2 8(.^ a) [ hx {x — ■ a) + ^y {y — &)] 

for the nbove values of x, y, ^. 
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Similarly 



D/ 
J)y 



Hence 



2e(^ - &) [S.x(a; -- a) + ey {y - h)] 









if 



(^ — a) \k^''^^ (aey — ^8a^) + g (hSx — ,9^^)] 
(y — 6) [/j^'**^^ (7S.T — ^ey) — /i (/iSx — gey)]. 



Making use of the values o? x --^ a, y — b, which satisfy the equations which have 
been taken to determine them^ and which are solved above in (A), it is necessary to 
show that 

[{h^ — gy)i + ey {hhx ~ gey)] [kl''^'^ {aey — ^hx) + g (hBx — gey) 
= [{g^ — ha) [ — Sx (hSx — gey)] [W''^^ (y^x ~ ^ey) — h (hBx — gey) 



i,e,^ to show that 

/i'^'' [(/^/3 — " gy) (aey — ^8x) — (g^ — ha) (yBx — /3ey) 
+ /c^^""^ (hBx — gey)\ad^y^ — 'Ijihexy + yh^x^'^ 
— C (/iSiT — gey) {aW — 2^^/i + yf/.) — (/iS.-r — gey)^ =1 



0, 



t/tiy^ 



(hBx — ^€t/) ^ = 0. 



Hence this is satisfied. 
Therefore 






It remains to prove that each of the equal quantities 



(x — a) [& (^ -— a) -{- ey(y — h)] {y — &) [hx {x — C(^) 4- ey{y-' b)] 



k^^~^ (jBa^ — /Self) •— /z (AS.r — gey) laX^"'^ {aey — /3S^^^) + g QiBx ■— ^ei/) 



is equal to 



a {x — ctf 4- 2^ (.tJ — a){y — h) -^ ^ (y — 5)^ + 2g (.v — a) + 2h(y ^ h) + nk^''"'^ 



Multiply numerator and denominator of the first ratio by 8.^^ of the second by a./, 
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of the third by ^^ and form a new ratio by addition of the numerators and deno 
minators. 

Then each of these ratios must be equal to 

Hence, by means of the equations /= 0^ <^ =: 0., each of the ratios must be 
equal to 

{n ~ 1) kC''/i{n -- 1)^C^ (ay— iS^) + {n - 1)^C^^""^ (ae^ - 2^€a?^ + 78^-'^^)] 

^/[^ (ay -~ ^^) + (aeV ■« 2^S€a?i/ + yBV)']. 
Hence it will be sufficient to prove 

(w — a) [Lv (w — a) -\- ey {y — &)]__ ? 



h^^'-^ {yhx -^ ^ey) - h Qhhx - gey) ^ (ay - ^2) _|. (^^y _ 2^S€.^^y + 782^^) 

Now usiug the values of a? ■— a, 3/ — • & given above in (A), 

[Sx {x-a) + ey {y -- 6)] [^ (ay -^ ^^^) + {ae^ - 2^B€Xy + yS%^)] 

= C [Sx {hfi - gy) + ey {g/S - ha)]. 

Hence, using the value of {x — a), it is necessary to prove that 

[{h/3 - gry) ^ + ey {JiBx ~ gey)] [Sx {h/3 --■ gy) + ey {g/3 - ha)] 
= [(oty ^ fi^)l + (aeY - 2l38exy + ySV)] [^^^^"'^ (yS^ - /3ey) - h {IiBx - gey)' 

Hence it is necessary to show that 

(ySx - I3ey) [kl^' {ay ~ ^^) + ^^^""^ {aeY - 2l3Sexy + yS^x^J 
= Clh (ay — ^^) (/^Sa; — ^rc^/) ^gQi^^ gy) {yhx — ^e^/) + h {h^ — ^^y) (^Sa? — aeyj_ 
+ (hSx — gey) [h {ae^y^ -— 2^Sexy + yS^.'^^) — g^y {ySx ■— ^e^) + hey {^Sx — ae^)], 

* 

(ySx ■— ^€3/) (j> = 0. 
Hence this is satisfied. 

Hence the conditions for contact are satisfied. 

Since -wt; — 1^^ = is not satisfied at all points of the locus ^ = 0, the factor of 
the discriminant corresponding to it occurs only once. 

MDCCCXCII.— A. 2 I 
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(D.) It will be verified that the mean of the values of the parameter &, which 
correspond to the two surfaces having conic nodes^ at a point on the locus ^ = 0^ 
is the same as the value of the parameter h, which is used to form the discriminant. 

The values of the parameters corresponding to the conic node are given by 

^ = Oj hx{x -- a) -\- ey [y ^^ h) ^ 0, 
a{x — of 4- 2j3(x — a){y •— b) -r- y{y ■-- hf + 2g {x — a) + 2h{y — b)-\-nht,'^'^^ = 0. 

Hence 
{y - hf {aeY - ^/SSexy + yS V) + 2 {y - h) 8x {Mx - gey) + n/cS Vf'^ " ^ =: 0. 

Hence the mean of the values of y — h is 

8x {gey — h8x)/{a€^y^ — 2^8€xy + yS^x^). 

Now putting ^ := in the value of y — h, given above in (A)^ the same result is 

obtained. 

(E.) This example is a case in which the assumption equivalent to that of Art. 7^ 

viz. J that 

D/ da , I)/ db 

Da dz I)& dz 

at points on the locus of ultimate intersections cannot be made. 
The equations Df/Da = 0, Df/Db = are given in (A). 
Hence da/dz^ db/dz are given by 

{al + SV)g^ + {^l + Seasy) g^ - (^ {x - a) + ^ {y - h) -{- g, 

{PL + S^^y) g^ + {yC + ^^y^) ^^ = P{x — a) + y{y -^ b) + k 

Denoting for brevity 

a {x — a) -j- 13 {y -- b) -\- g hj G, 

/3 {x — a) -^ y {y -- b) -\- h hy H, 

^3 ^^y _ ^2^ ^ ^ (aey — 2p8exy + yS^x^) by K, 

Sx (a? — a) + ey {y — b) by L^ 
it folio w"S that 

9^ =^ g [G (y^ + ey ) — H (^8^ + Sexy)l 
^ =: " [H {at, + 8^x^) — G {j3L + Sexy)' , 
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Therefore 



_ j^ / ly da 

2 \Da dz "*" 



m dz 



= i (GC + Ux) [G (rC + ey ) - H (^^ + Sexy)-] 
+ I (HC + Ley) [H {aC + SV) - G (^C + Sexy)]. 

Hence^ dividing numerator and denominator by ^, and then putting C = 0? 



_ X /5^ ?^ 4. 5^- ^^\ — (G^ey - Hg.i-y + Lg^ (G7 - Hy3) + L e^ (Ha - G/3) , 



,3 



Now, in the case ^ = 2, there is a conic node when i^ = a, 2/ =^ &? ^ ^ 0? ^nd then 
G = ^, H = A, L = 0. 
Hence 



Hence 






D6^ 3;^"" "^ D& dz 



does not vanish, 



Art. 20.— lb ^^^^'i^^ i^-^^^'^ under the conditions stated at the head of this Section, if 
the two Surfaces having Conic Nodes coincide, then they are replaced^ hy a single 
Surface having a Biplanar or a Uniplanar Node, 

If the condition be expressed that the roots of either parametric quadratic be eqaal, 
then the roots of the other parametric quadratic must also in general be equal ; for 
treating the parameters as coordinates of points in a plane, this amounts to expressing 
that the straight line (143) touches the conic (161). 

In this case then, the two surfaces having conic nodes coincide, and if a, b be the 
values of the parameters corresponding to them, they may be found by finding the 
points of contact of the straight line (143) with the conic (161). 

They are therefore given by the equations 

u "^ W "" V * 

Now, since the equation (161) may be replaced by (162) or (163), it follows that 
in the above x may be changed into y or z. Hence 

ujx + 'WJ) + V^^ : Uya + Wfyh + V^^ : u^a -j- WJ:) -^N^ : u : W 

= W^.a + vj) + U^. : Wya + Vyb + U^, : W^a + "^hb + U;, : W : v, 

2 I 2 
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Hence the conditions (164) are satisfied. 

Hence there is in general a biplanar node. 

But as a particular case there may be a uniplanar node. 

Art. 21,— If the two Conic Nodes are replaced hy a single Biplanar Node, and if 
B = 6e the equation of the Biplanar Node Locus, and if the Edge of the Biplanar 
Node touch the Biplanar Node Locus, A contains W as a factor. 

It follows as in Art. 19 (B.) that A^ 9A/9^3 dA/dy^ dA/dz all vanish on the biplanar 
node locus. 

Consider now d^A/dx^ as given in (148). 

The first three determinants vanish by (158)« 

To calculate the next three, put in (177) 

p =z u^^ q = V:,, r = lu^, P = U,,., Q = Y^, E = W.^. 
Hence these three determinants 

a 

= {aH^ + 2ahW^^ + hH^ + 2aV.,. + 26U^, + w,) ^ (uv - W^) = 
by (l61)o 

Next consider d^Ajdx dy as given in (149). 
The first three determinants vanish by (158). 
To obtain the next six, put in (177) j 






r 



Hence their value is 

{aHy + 2ab'W,j + b\ + 2aV^ + 2b'Uy + iv,j) ?^- {uv — W^) = 

by (162). 

Hence by symmetry all the second differential coeflScients of A vanish. 
Therefore A contains B^ as a factor. 

Example 12.^— Loc%is of Biplanar Nodes, such that the Edges of the Biplanar Nodes 
ahvays touch the Biplanar Node Locus, the equation of the Surfaces of the System 
being of the Second Degree in the Parameters. 

Let the surfaces be 

(bx -» a^/ + czy —■ gH^ — 2mz (x — a) (3/ -— 6) = 0, 

where c, g, m are fixed constants ; a, b are the arbitrary parameters. 
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(A.) The Discriminant 



-— xy •--' mz 
(m — ■ c) yz 

: mz^ { 2g^xy 



JU 



,2 



xy — mz (m — (?) yz 

{m 4- c) xz 
(m + c) ^^ {o^ — g^) '^ 
- {(? — ■ g^)mz}. 



2m xyz 



The way in which the factor z^ arises will now be examined. 
The discriminant is found by eliminating a, 6 between 

{hx -- ay + czf — ■ gH^ — 2m (a? — ■ a) (y — &) 2^ = . . . . (a), 



— 22/ (6aj — ay + C0) + 2m {y — h)z 
2x {hx — a^/ + cz) 4" 2m (cc — ■ a) ;^ 
By means of (/3), (y), it follows that (a) can be written 



= . . . . O), 

= . . . . (y). 



{hx — ay ■+- cz) cz — gh^ — m;^^ (20^2/ — 6i^ — . ay) = . . . . (S), 
The values of a, &, satisfying {^) and (y) are 





a 


-xy - 


• mz {m — c) yz 


x^ 


(m + e) xz 









h 






(m 


— 


c)yz 




y^ 




(m 


+ 


c)xz 


— 


xy- 


mz 



r 

— xy — mz 



— xy — mz 



m' 



Therefore 



a 



— mwz {2xy + (m + c)z} — myz {2wy + (m — c) ;<;} — mz {2xy + ^i^) 

Now it will be shown that on the binode locus z=0; therefore the values of a, h 
become indeterminate on the binode locus. 

But they may be determined by dividing out by the factor z, which vanishes on the 
binode locus, and then 



a 



h 



X {l + ; 



cz 



2xy + mzr 



cz 



2xy + mzf 



Hence if ^, ^, be any point on the binode locus, then at this point the values of 
the parameters are a = ^, 6 = tj. 

Hence there is a single set of values of the parameters satisfying the equations 
D//Da =: 0, D//D6 = at points on the binode locus, which has been determined. 
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There is not a double set of equal values as in Art, 15 (see especially Example 10 
of that article), where the degree of the equation of the system of surfaces in the 
parameters is higher than the second. 

If the values given above for a, h be substituted in the left-hand side of (8), and 
the result multiplied b}^ the rationalising factor tw — W^, which in this case is 
■— (2xymz + mh^)^ the result is 

which is the same value for the discriminant as before. 

It will be noticed that the factor z enters once through the rationalising factor, and 
twice from the remaining part. 

(B.) The Node Locus is ^ = 0« 

Substituting a? = c^ + X, 2/ = 6 + Y, ^ = Z in the equation, it becomes 

(6X --al + cZf ^ /Z^ ^ 2mXYZ = 0, 

Hence the new origin is a binode. There are no other singular points on the 
suriace. 

The biplanes are &X — aY + cZ i p^Z = 0« 

They intersect in the straight line &X — aY = 0^ Z ^ 0, 

Hence the binode locus is 2j = 0, and the edge of the binode^ which lies in the 
binode locus, satisfies the condition for contact with the binode locus« 

(C.) The Locus (c^ — g^) mz — 2g^xy ^ is an Ordinary Envelope. 
To prove this it is necessary to satisfy at the same time 

(hx — ay + czY — g\^ — 2mz {x -- a) (y '— b) = , . . . (ot), 

(c^ — g^) mz — 2g^xy = .,,..... (e), 

'2b {bx — €11/ + cz) — 2m (^y — &)^ _ — 2a Q)x — ay + c^) -- 2in {x — a) z 

>— 2g^y "^ — 2g'^x 

%c (1)X — cty + c£) — 2^% ■— 2m (a; — a) (y — h) 

m (c^ —- g^) 



9 9 



\4/* 



Multiplying numerator and denominator of the first ratio in [Q by x, of the second by 
y, and of the third by z ; adding the numerators to form a new numerator, and the 
denominators to form a new denominator, and reducing by (a) and (e), each of the 

above ratios 

2 (xy — ab) 

«9eww»«*» ,.. . . „_...... , , , ■ - ■ ■ ■ - - - 

(S _ g$ 
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Equating the third ratio of (^) to this^ and substituting for % from (e), and putting 
ajx = £ h\y = 77, the result is 

m (m — c) ^ + ^^ (^'^ + <^) '^ + 2 {g^ — m^) = (?;). 

In like manner, from the first and third ratios of (C), 

+ f { — m^ (c^ + S'^) '^ + 2m5'^ (m — c)} = . . . {6), 
Substituting for ^ from equation {tj), this reduces to 

mcrf ~\- r) (g^ — cm) == 0. 

Hence 77 = 0, -y? = 1 — > (g^/cm). 

Substituting in equation (rj) the corresponding values of ^ are 

It remains to prove that one of the two systems of solutions will satisfy the equa- 
tion obtained from the second and third ratios of {Q, 
This equation is 

m^ (c^ — g^) i^ + 4m (m — c) g^^ + 4 (^^ — m^) 

Substituting for rj from equation (77), this reduces to 

mcP — ^ (cm + 9^) = 0* 
Therefore 

^ = O5 f = 1 + (g^/cm). 
Hence the solutions 

X = acmj{cm + ^^)3 

y = hem. I {cm — g^)^ 

satisfy all the equations. 

Hence the surface (e) is an envelope. 

(D.) It will now be verified that the values of b given by (181), and the equations 
obtained by changing ^ into rj and ^, become equal in this case. 
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The equation 

W ^ {uv — W^) + 2b^ (icU — VW) + ^-^ {im — V^) = 

is the only one that need be considered^ because the others are identically satisfied. 
In this case 

uv — W^ = — 2xymz — mV 

uT] ■— VW = Myz {2xy + ('^'^ -^ g) z] 

uw •«— V^ = ( — m^ + 2mc — g^) y^?} — 2mxyH» 

Hence if f, rj^ be any point on the binode locus, 



3 

XT (uXJ — VW) ^ 2m^7f^ 

a 

(tit£; — V^) ^ — 2m^7f. 

Hence the equation for h is 

— 2m^7) (b — ^)^ = 0. 

Hence both values of b become equal to rj. 

Art. 22,— If the two Conic Nodes are replaced by a single Uniplanar Node, and if 
U =^ 6e the equation of the Uniplanar Node Locus^ then A contains IJ^ as a 
factor. 

It follows, as in Art. 19 (B)^ and Art. 21^ that A and all its differential coefficients of 
the second order vanish. 

Next take the value ofd^^jdx^ from (150). 
The first three determinants vanish by (158). 
To calculate the next set of terms^ put in (177) 

Hence they are equal to 

3 {a^u^,^ + 2ahWaj,j + b\^^ + 2aV^,^, + 26U.^^. + W:,^^) ^ {uv - W^) 

= 6X^u^ {uv-W^l 
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The last determinant by (178) is equal to 

Hence d^Lldx^ = 0. 



Next take the value of d^A/dx^dy from (151). 
The first three terms vanish by (158). 
The next three terms by (177) are equal to 

{aH^^ + 2a6W.^., + hH^^ + 2a V^,,^ + 26U^^^ + iv^,,) ^^ {uv — W^) 

= 2\^u ^ (uv - W^). 

The next three terms by (177) are equal to 

3 
2 {aH^y + 2a6W.,3, + &% + 2aN^y + 2&U,3, + w^^y) ^ {uv - W^) 

(JOG 

= 4X/xt6 ^- {uv -— W^). 

The next three terms may be obtained from (179) by changing z into x, and, 
therefore, v into X. They are therefore equal to 

- 4X/x^^|: {uv - W^) -« 2X^1^ ^ {uv - W^). 

Hence d^A/dx^dy = 0. 

Next take 3^A/3^ 3^ 9;^ from (152). 
The first three determinants vanish by (158). 
The next six are by (179) 

r) f) r\ 

== — 2iivu ^ {uv — W^) — 2;t^X?^ ^ {uv -- W^) — 2Xja'U ^ {uv — W'^). 

The next six are by (177) 

p, 
= {aH:,y + 2ab'Wa^y + h\^y + 2a V^^ + 2h'\J:,,j + w^y) ^^ {uv — W^) 

= 2X/x'U ^- (^^^' — W^). 

Hence, the next six are 

= 2ixvu ^ {uv — W), 

Gil) 

MDCCCXCII. — A. 2 K 
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and the next six are 



Hence, 3^A/3^ dy dz :^ 0. 



=: 2vXu ^ {uv — » W^). 



Hence^ by symmetry, all the third differential coefficients of A vanish. 
Hence, A contains U^' as a factor, 

Exam]3le 13. — Locus of Uniplanar Nodes when the equation of the System of Surfaces 

is of the Second Degree in the Parameters. 

Let the surfaces be 

(bx — ay + zY «~- 2^^ »- 2Qnz (x —- a) (y — b) := 0. 

(A.) The Discriminant, 

It is 

y^ ^ xy — mz (m — I) yz 

— xy — mz x^ (m + 1) xz 

(m "— 1) yz (m + 1) xz ^^ _ ^3 _ 2mxyz 

:=^ mz^ {2xy -\^ mz — m). 

To show the origin of the factor ^^, the formation of the discriminant will be 
examined. 

The equations DfjDa = 0, Df/Db = are, in this case 

ay^ — b {xy + '^^^^) + (^^ ™ 1) yz =^ 0, 

— a (xy + mz) + &^^ + (^^ -i- 1) xz = 0. 
Therefore 

a hi 



— mxz {2xy + (m + 1) 2;} — myz {2xy + (m — 1) ;s} — mz {2xy + mz) ' 

Now, it will be shown presently that z ^ is the uniplanar node locus. Hence, 
a, b become indeterminate on the uniplanar node locus. But, removing the factor 
— Quz^ which vanishes on this locus, 

a:=^ x(l + 77—^ ), b = y [1 — ^ — y^ \ 

\ 2xy + mz] ^ \ 2^xy + mzj 

Hence, at any point, ^, 77, on the uniplanar node locus, a = ^, 6 = 77. 
Again, substituting the above values of a, b in 

{Jyx -— ay -^ z)^ -^ z^ — 2mz (x — a) (^ — 6), 
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the result is 






2xy + onz 

If this be expanded in ascending powers of z, the lowest is the third power. 
But the rationaUsing factor appHed to form the discriminant, viz. — mz (2xy + mz) 
contains the factor z. Hence, the factor 2;^ is accounted for. 
The discriminant is as before 

mz"^ {2xy + ^^ — '^). 

(B.) The Uniplanar Node Locus is z = 0. 

Put X = a -}- X, y = h -^Y, z = Z in the equation. It becomes 

(6X - aY + Zf -- Z^ - 2mXYZ = 0. 

Hence the new origin is a uniplanar node. 
Hence 2; = is the uniplanar node locus. 

(C.) The Envelope Loeus is 2xy + "^^ — m = 0. 
The equation can be written 

a^y^ — 2ah {xy + '?^^^) + &^^^ + 2a (m — 1) 3/2; + 26 (m + 1) xz -^^ p 

— p — 2:^ + ^^ + "^"inxyz. 

Let p be determined as a function of x, y, z, so that the left-hand side of the 
equation may break up into factors linear with regard to a, h. 
Then 

p z=z 7/ — 2mxyz 



2xy + mz 

It may then be verified that the equation can be written 

3 



y" 



r 1 ] 

z" {2xy -{- mz "^ m) 



m f \ I 7 , yz ^'^' 
~z (2xy + m>z) \b — y + , 

y^ ^ ^ ^ ^ [ ^ 2xy + mz 



2xy + mz 



Hence it may be concluded that 2xy + mz — m = will touch the surface where 
both the factors of the left-hand side vanish, i.e., where 

a + -3 [-- & (xy + mz) + {m — 1) yz] ==: 0, 
h-y + :r^^ — = 0, 

^ 2xy + ma; 

2 K 2 
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i,e,^ where 



z 



a = x[l + cr-rr:ZJ^ b= y 



fj 



2xy + mzj ^ "^ \ 2xy + mz 



Hence the points of contact are determined by 

2xy + ^'^'^^ — m = 0, 
a^=- xil + 



, 3 



h :=. 1} [1 — - 

Hence 

if' — m^) {z ■— 1) — 2ahm ^ 0, 

Hence when a, b are given, there are three vakies of z, and three corresponding 
values of x, and three corresponding values of y. Hence each surface touches the 
envelope at three points. But each point on the envelope is the point of contact 
of only one surface of the system, since when the coordinates x, y, z of the point of 
contact are given, the values of a, 6, the parameters of the surface touching the 
envelope there, are determined by the simple equations 

a = ^ (1 + 2;/m), h ^y [l — zjm). 

The result mav be verified thus :~ 

The values of x^ y, z satisfying the equations 

a = ^ (1 + zjm), b = y (1 — z/m), {z^ — m^) [z -- 1) — 2abm = , . (a), 

will satisfy at the same time 

(bx — aj/ + zf -— 2^^ — 2mz {x -- a) (y -- b) = Ol 

2xy '^ mz — m = 

and 

2 (bx — ay -\- z)!) — 2mz (y —h) —2 {hx — ay + z) a — 2mz (x — a) 



2y 2x 

2 Q)x — ay -\- z) — ?>z^ ™ 2m {x — a) {y —V) 



so* < • d 

m 



(y)- 



If X, 2/, z satisfy (a), then 



bx --- ay -{- z 



z if' + 2abm — m^) 



z^ -^ m^ 
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and substituting in the first of equations (/3), after making some reductions, the 
result is 



z^ 



{z^ — m^)^ 



{'^ + 2(X&m ■— m^) [2abm — (z^ — m^) (2; — 1)] = 0, 



which is satisfied by (a). 

Hence the first of equations .(/3) is satisfied by the values of x, y, z given by (a). 
Again substituting for x, y in terms of 2; from (a) in (y) the ratios become equal to 

\z^ (^'— m — 1) — mV + (^^ — 2a&m) 2;] / m (m + 2^) 

— [2;^ (— m + 1) + mV — {rn? •— 2ahm) z'] / m (m — 2;) 

— [32;^ «-. 2z^ + 2;^ (2mah — 3m^) + ^ (2m^ — 4a6m)] / m (m^ — z^). 

Hence it is necessary to show that 

[# (■— m — 1) — 7nh ■+ (m^ — 2a&m)] (m — 2;) 
= [2;^ (— m + 1) + mh — (m^ — 2a&m)] (m + ^) 
= 3z^ '— 2z" "{- z {2mah •— 3m^) + (2m^ —• Aahm) .... (S). 

Equating the first and second quantities in (8) it is necessary to prove that 

z^ — z^' — ni^z + m^ — 2abm = 0^ 
which holds by (a). 

Equating the second and third quantities in (S) and removing the factor (m + 2), 
the same result is obtained. 

Hence the values of x, y, z given in (a) satisfy all the equations (/3), (7). 

^rt. 23. — If the parameters of one of the two Surfaces having Conic Nodes become 
infinite, and if C =. Q be the equation of the Conic Node Locus, A contains C^ as 
a factor. 

The conditions that one value of a and one value of b satisfying the parametric 
quadratics (180) and (181) should be infinite are that 

i (uv - W^) = 0, l^ (uv - W^) = 0, I {uv - W^) = 0. . 

In this case the values of A and d^jdx, as given by (146) and (147), both vanish. 
Hence A contains C^ as a factor. 

Example 14. — Locus of one Conic Node. 
Let the surfaces be 

[a{x-a)'\'^{y- b)J + '2gz {x - a) + 2hz {y - b) + hz^ = 0. 
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(A.) 'The Discriminant, 
It reduces to 



o 



a" 



a 



y8 



gz 



ap 


gz 


j3^ 


hz 


hz 


1 



= — {lia •— g^)h^. 



(B.) The Conic Node Locns is ^ = 0. 

In this case equations (143), (161), (162), (163) are equivalent to the three 
equations 

or [x — a) + «y8 (y — b) + rjz = 0, 

a/3 {x — a) + /?^ (?/ — h) -f hz = 0, 

(J {x — a) + A (;^/ •— J)) + /{^2: — 0, 

the only solutions of which (unless gfi •— ha zzz O) are 

X = a, y = 6, 2: :::== 0. 

Hence there is now only one system of values of the parameters satisfying (143), 
(161), (162), (163). 

The same value of the parameter h would bo obtained from the equation (181) 
w^hich becomes in this case, after changing x into ^, 



Now 



therefore, 



2h -^ {itV - VW) + |, {mv ^ V^) =:= 0. 



^c\J «- VW = (c//3 -- ha) az, 

mv — V^ -= 2 (ha — g/3) ayz + {ka^ — • ff") z^ ; 






- [^,^3 _ VW) = {g^ - ha) a, 



d 



g- (im — V") 3= 2 {ha — (7/3) ay + 2 (^u- — (f) z. 



On the conic node locus z = 0. 
Therefore the equation for h is 



26 (g^ — Aa) a + 2 {ha - ///3) a?/ = 0. 



Therefore 



?/. 



There is only one conic node, since itv — W^ :^ 0, and, therefore, equation (181) 
reduces to a simple equation for h. 
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Art. 24. — If the parameters of both of the Surfaces having Conic Nodes become 
infinite, and E = 6e the equation of the Envelope Locus, then A contains W 
as a factor. 

In this case it is necessary that both roots of the parametric quadratics (180) 
and (181) should become infinite. 

Hence the first differential coefficients of 



uv 



W^ Vv-UW, Ut^--VW, 



with regard to any of the variables, must vanish on the envelope locus. 
[It may be noted that if 



^- iuv 

ox ^ 



W, = 0,an.l(V.-W) = 0,..enl(O„-W)=0. 



For 



dx 



{uv — W^) ==: U^V + UV:, — 2WW^. == 



^jYv - UW)^ V,^ + v^. ^U.W ^UW, = 



>-.... (182). 



Multiplying these equations by V, u respectively, and subtracting 

u,Yv + XJ.Wu - uvY, - W^ (2WV - Vu) = ; 



therefore, using (158), after dividing by W, 



therefore 



uJJ + U.W - WV, - W.V = ; 
l(Uu -YW)=0.-] 



Now A, dA/dx both vanish by (158). 

Next consider d^A/dx^ as given by (148). 
The first three determinants vanish by (158). 
The fourth and fifth determinants 



= 2 



V,f (WU -. Yv) + U. .^ (VW -- JJu) + t^, ~ (iw -- W^) 

C/M? OtC GOD 



= by the above conditions. 



The sixth determinant- is 



2 



V U ^ 



X 
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Substituting in it for 2i,,., V:^ the values Avhich can be obtained from 



it becomes 



- {Yv ~ U W) = 0, and £ (tli^ - VW) = 0, 



2 
UV 



WV, + VW, - 


- ?iU.,. 


TJW.,. 


VW., 




U,W + UW, 


V 

- u 
u 




V 

w 

u 



V,t' 



UV, 

vu, 

^v 



'?. 



•«u 



2 



«u 



WV, + VW, -mU, UW, UV, 

VW, UW, + U,W - Y,v vu, 

u W V 



WV, + VW, 
VW, 



u 



UW, + wu, 

UW, + wu, 
w 



UV, + vu 

V,t; vu, 

V 



2 



u\l 



Vu 



WV, vV, 

VW, UW, + wu, 

u W 



w 



V 



UV, 

v,w vu,. 

V 

u 



= by (158). 

Next take d^A/dx dy from (149). 
The first three determinants vanish by (158). 
The fifth and seventh determinants 



VW, UW, + wu, - v,.t' vu., 

tt W V 



a 



a 






= V, g (U W - Yv) + U, gY (VW - U '«,) + iv, ^ (uv - W^) = 0, 
The eighth and ninth determinants 

= V, g^ (UW - V^) + U, l^ (V W - Uu) + 'w, I {uv - W^) = 0. 
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The fourth and sixth determinants are 



% 


W, V 


1 




n^ W,,. v.. 






w. 


^.■V ^ A- 


+ 


W, Vy U., 




V 


U tv 




V U w 








WV^^ + VW^-ttU, uw^ uv^ 






1 


vw. u.w + uw.-v.^ vu. 






■" uv 


V V V 

u u u 








wv. + vw,, - liU, uw. ■ uv,. 




+ u 


V 


vw, 

V 

— u 


1 w ■ V 

n u 



Vu 



WVy + VW^ UWy+WU^ uv^ + vu^ 

VW.^ U^W + UW., ~ Y,v vu, 

u W V 






\Ju 



WV, + VW, UW, + WU, 



vw 



y 



y 



u 



w 



uv^ + vu. 



U„W + UW, - Yyv vu 



V 



Hence the coefficient of U^, is 










w 



vw,, U,W+UW, 

u W 



it? '^ a' 



V 
V.,.v VU, 
V 



+ 



XJu 



w V, + vw, u w, + wu, uv, + vu, i 
w V 

M W V 



1 

if 



w 
uw 



i€ 



V.v 



"*""t"' 



TT 



uw, uv 

W V 



- (Vv'W - vuw^, + uvw, - UWV,) = 0, 



I 
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258 



PROFESSOR M. J. M. HILL ON THE LOCUS OF SINGULAR POINTS 



Um 



X 






TJu 



The coefficient of V^ is 



w 

YW, U,. W + U W, - Y,v VU 
u W V 

W 

w 



wv^.+vw,, uw^.+wu^ uv^.+vu, 

—V 

u W Y 



Vu 



V 



u 



(YWY^+Y^W,-uUY,,-'uYU,) 



JJtl 



(WVU, - UVW,) 



V 



Um 



(Y2W,, - mVU., 



= r^- {U, (uv - W2) V + W, (UW - vY) Y] = 0. 



JJu 



The coefScient of W,; is 



^ 



T 



"l^ 



V 



^ 



1^ w 



iV 



Vjj VU. 



j.f i H. i . yi r Mi 



U'it 



WV,+ 

V 



uw,+ wu^ uv.,+ 



V 



Y2 



(U,W - Y,v) + -■" (IJWV, -- VWU.) 



Ute 



Uv^ 



{Y4VW--Yv)] ^ 



Hence 3^A/8a? dy = 0. 

Hence all the differential coefficients of the second order vanish. 

Hence A contains E^ as a factor. 



Example 15.— Envelope Locus, the parameters of both the Surfaces having Conic 
Nodes being infinite. 



Let the surfaces be 



z^a^ 4- ^ + (^^ -f & + 2/)^ = 0« 



(A.) The Discriminant, 








This is 










z^ 4- a;-2 


X 


my 




X 


1 


y 




xy 


y 


f -i 
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(B.) The Envelope Locus is 2; = 0. 
The tangent plane at £, 7;, ^ is 

(X ~ f ) 2a (a^ + & + 7;) + (Y --. 7;) 2 {a^ + & + ^) + (Z - ^ (2^'^ + l) = 0. 

Hence at the point f, 77, C> where 

af + 7; + 7? = 0, C = 0, 
the tangent plane is Z = 0. 

Hence the factor z^ is accounted for. 

(C.) The Parameters of both Surfaces having Conic Nodes are infinite. 
In this case 

u = z^ -^ x^, V = 1, w = y^ -{- z, U = y, V = xy, W :=^ x. 

Hence the equations 

a^^^{uv - W^) + 2a|(V^ - UW) + ^H ^ U^) = 0, 
and 

&2 ^ (,^^ _ ^2) j^ 2h I (U^ - VW) + ~-^{uw- V^) = 0, 



become, when 2; = 0, 



(0) a^ + (a) + 1 = 0, 

(0) b^ + (6) + cc^ = 0. 



Hence both roots are infinite. 

If the differential coefficients in the parametric quadratics had been taken with 
regard to x or y, the equations would have been wholly indeterminate. 

Art. 25. — If the parameters of both of the Surfaces having Conic Nodes become 
indeterminate, then at every point of the Locus of Ultimate Intersections there are 
an infinite number of Biplanar Nodes ; each Surface of the system has a Binodal 
Line lying on the Locus of Ultimate Intersections, and 'if the locus of these 
Binodal Lines be B = 0, then A contains B^ as a factor. 

In order that the parametric quadratics may become wholly indeterminate, the 
first difibrential coefficients, with regard to each of the three variables, of uv — W^, 
\Ju — VW, Yv — UW, VW — U^, uw — V^ must vanish. These involve the 
vanishing of the first differential coefficients of UV — 'Ww. 

It will be shown, first of all, that the ratios (164) are in this case equivalent only 

2 L 2 
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to the equatioa (143). [The same holds good in the previous article^ but the condi 
tion (161) is not satisfied thei^e.] 
For consider the ratios 

u^a + W.^6 + Y^, : W^a + v,]b + TT,, == t^ : W, 
Tiierefore 

a (Wu,, ^ uW,) + b (WW, ^ mi,) + (W V.. -- uJJ,) = 0. 

This will be the same equation as (143) if 



Wu, - uW, WW, ™- uv, WV,. - uV, 



Hence it 



and 









ti W Y 



YWW, - Yuv, - WW, + W7^U, = 0, 

uvu^ + '^^^A'^ ~~ 2i^W W^,, =^ Oj 

Tj?/W '-'Yuv — t^i;V 4- Wt^U ^ 

I (uv - W^) = 0, 

^ (XJW ~ V«) 1= 0, 



which are satisfied. 

Similarly the other ratios in (164) hold. Hence if any point be taken on the curve 
in which the surface (143) intersects the locus of ultimate intersections, that point is 
a binode on the surface (142). Hence the surface (142) has a binodal line situated 
on the locus of ultimate intersections. Hence each surface of the system has a 
binodal line situated on the locus of ultimate intersections. 

It remains to show that if B = be the locus of these binodal lines then A contains 
B^ as a factor. 

The proof in the last article will hold as far as the second differential coeflScients of 
A are concerned. 

Consider, therefore, the value of 3^A/3x^ given in (150). 

The first three terms vanish by (158). 

The next three are equal to three times 

u^^ i {^m - U^) + 2 W,,, 1^ (UV -^ Wt.) + tv. l^ iuw ^ V^) 

= 0. 
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The last determinant is by (178) 

= ^ 6X% ^ iuv -^ Wn =:= 0. 

ox ^ ^ 

Therefore d^is^ldx^ = 0. 



Next take d^A/dx^dy as given in (151). 
The first three terras vanish by (158). 
The next three 

= II,, ~~ {vw ~- U^) + 2 W,, |- (U V - Ww) + V,, |- {mv - V^) 

+ 2V.,, ^ ( WU - Yv) + 2U... ^ (WV -^ Ut^) + m,, ^ (z/t^ -^ W-2) 
= 0. 

The next three 

= 2u,, I (vtv - U^) + 4W,, I (U V - Wio) + 2v,y | (uw - Y^) 

+ 4V., |j WU -- Vt;) + 4U., I ( WV -- X5u) + 2^;., ^^ (.i^ -« W^) 
= 0. 

The next three may be calculated by means of (179) by putting % z=z x^ and there- 
fore 1^ = \. 

Hence they are equal to 

— 4Xjate ^^ {u^ — W^) — 2X% ^7 {^iiv — W-^) =2 0. 
ox o u 

Hence 8'^A/9x^ B^/ = 0. 

Next take d^is^j^xdyd^ as given in (152 
The first three terms vanish by (158). 
The next six terms by (17^) 

= — 2ixvu Y^ {uv — W^) — 2vku ^ {tw - W^) — 2X[xu ~~ (m) — W^) 

ux oy oz 

= 0. 

The next six terms 

= u., I {vw - U2) + 2^^,, |- (UV - Ww) + v., I {uw - V^) 

+ 2V.^ I (WU - Yv) + 2U,,| (WV ~ Vu) + w,^ ~ {uv ~ W^) 
= 0. 
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The next six terms being obtainable from these last six by interchanging x and % 
vanish. 

The remaininsr six vanish in like manner. 

Hence all the third differential coefficients of A vanish. 

Hence A contains B* as a factor. 



Example 16. —Locus of Binodal Lines. 

Let the surfaces be 

z^ {a- + <f>{x, y, z)} 

(A.) The .Discriminant, 
ihis IS 



(ax + & 4" yy = 0. 



z^ — x^ 


— X 


~-3cy 


— X 


<a&jtiB^ 1 


y 


^xy 


y 


y^ + z^(l> {x, y, z) 




— - , ., 


z^(f) {x, y, z). 



(B.) The Locus of Binodal Lines is % = 0. 

For let ^, 77, ^ be any point on both the loci 2; = 0^ aa? + ^ + 2/ = 0. 
Then put a^=f+X, y = '>7 + Yj2; = C4-'Z, so that C = 0, af + & + "^ 
Therefore 



0. 



7?[a^ ^ ^{^,7], C) + X ^, + Y ^- + 2 ^ + 



see 



(af _|_ 6 4- T^ _}- aX 4- Y)2 = 0. 



Hence the lowest terms in X, Y, Z are 

Z^ {a? + ^ (f, 77, 0} ~ («X + Y)^ = 0. 

These break up into two factors. 

Hence the point ^, 77, t, is a binode on the surface. 

Hence the straight line 2;=:0, aa? + & + y=Oisa binodal line on the surface. 

And ;2 = is the locus of binodal lines. 

Hence the factor z^ of the discriminant is accounted for« 

(C.) The Locus cj) (x, y^ z) := is connected ivith a Curve Locus ^ not a Surface 
Locus, of Ultimate Lnter sections. 

For the fundamental equations are in this case 

z^ {a^ + <^ {x, y, z)} — {ax ■+ h + yf = 0, 

2z^a — 2x (ax •^ b -^ y) = 0, 
2 (ax ~{- h -\- y) = 0. 
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Hence, if <^(^5 y^ z) ^^ 0, then, in order that the above equations may be satisfied, 

a^ + ^ + y = 0? 

The locus of these points is the curve 

z =^ 0, (f) (x, y^ ;^) == Oa 

This belongs to one of the exceptional cases enumerated in the Section VI. of this 
paper. 

Example 17,— This example shotvs the difference between the cases when the equation 
is of the Second Degree in the parameters and thorn in which it is of a Higher 
Degree, so Jar as regards Binode and Unode Loci, 

Let the surfaces be 

a(x — a)^ -^ 30 (x -- afz + c^ -^ 3d (y —^ 6)^ + ez^ ^ 0. 

(A,) The Discriminant. 

It is the same as that of the equation 



, a 



Therefore 



Therefore 



(^ + 30zX^Z + SdY^Z + (c^ + ez^) 2 
T^ idh^{a^e + cz)'^2/Sh}. 



4 ^ IGdh^ {a^ {e + czf + 4a^/3h {e + ez)} 



(B.) The Locus of Biplanar Nodes is z ^^. 0. 

For putting a:5=:a + X5 y z=zh -\- Y^ z -^^Z^ the equation becomes 

m^^ + 3^X^Z + cZ' + 3dY^ + e7J = 0, 

The edge of the biplanes is given by S = 0^ Z == 0* 

Hence the edge of the biplanes Ues in the biplanar node locus % -^ 0^ and, therefore, 
satisfies the condition for contact with the biplanar node locus* 
Hence the factor ^^ is accounted for (Art* 15). 

(C) lfe==^0^ the Locus of Uniplanar Nodes is % = 0. 

In this case^ 

4 =: i6d^ (aiV + Agl^/S^c) zK 

Hence the factor ?/ m accounted for (Art. 12), 
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(D,) If a =: 0^ A ap2)ears to vmiish^ hut then the equaHon of the Surfaces, 

Sfi {q3 — a)% + c^^' + Scl (y — I)f + ez^ =: 0^ 

is of the Second Degree in the parameters, and if the DisGviminant he formed it does 
not recdly vanish. 

For the discriminant required is not that of the cubic 



but of the quadric 
It is therefore 



SfizT'Z + ScWZ + {cz' + e#) Z^ 

3^zX^ + 3dY'^ + (c^ + e2^) Z^. 

9^dz^' (cz + e^). 



(E.) The Locns of Biplanar Nodes is noiv z = 0, the edge of the Bipkmar Node 
being in the Biplanar Node Locns. 

The edge satisfies the condition for contact with the biplanar node locus. Hence 
the factor z^ is accounted for (Art. 21), 

(F.) Ife ~ 0, the Locus of Uniplanar Nodes is 0^0. 

In this case the discriminant is d^cdz'^. Hence the factor z^ is accounted for 

Section V, (Arts. 26-29),— The Inteesections oe Consecutive Surfaces. 

It has been shown that when the analycacal condition (76) is satisfied which expresses 
that the fundamental equations are satisfied by two coinciding systems of values, the 
number of factors in the discriminant corresponding to conic node, biplanar node, and 
uniplanar node loci, is less when the degree of the equation in the parameters is the 
second than when it is of a higher degree. 

It has also been shown that, when (76) holds and the degree in the parameters is 
the second, each surface of the system, its consecutive surfaces, and the locus of 
ultimate intersections, Intersect in a common curve. 

It is desii-able, therefore, to examine the nature of tho intersections of consecutive 
surfaces in all other cases» 

Art. 26.-^0 prove that the Surfaces represented by the three fundamental equations 
intersect in one point on the Envelope Locus, unless the .Envelope Locus have 
stationary contact tvith each Surface of the System, and then there are ttvo points 
of intersection. 

(A.) First consider the case of an ordinary envelope. 
Let f, r^j { b^ a point of intersection- of the stirfactJS 
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f{x, y, z, a, h) 



= 0, 
= 0, 



= 0. 



Let ^ + X, 1J + Y, { + Z be a neighbouring point on the same three surfaces, so 
that the values of a, h are the same. 
Therefore 

/+ rax + M Y + [C]Z + I {[i, ^]X^ + . . . } 

+ l{Kf, ^]X« + ...} + ... = (183), 

[a] + It a] X + [V, «] Y + [C, «] Z + 1 (K 1^, «] X^ + ...}+... = (184), 

m + [$,I3-]X + [ri, fi]Y+lL 13] Z-i- 1 {[tL^W + ...} + ... = (185). 

Hence because /= 0, [a] = 0, [/3] = 0, the terms of lowest order in X^ Y, Z in 
(183), (184), (185) are of the first degree in each case. Hence there is one solution 
X = 0, Y = 0, Z = 0. Hence there is one intersection at this point. 

(B.) Next consider the case where the contact is stationary. 
The equation of the tangent plane to the envelope locus is 

(X-Ora + (Y->?)M + (Z-0ra = .... (186). 

But also from (28) and (29)'^ by means of (76) the equation of the tangent plane 
can also be shown to be 



Hence 



[«,^] {(X - $)la,^] + (Y - .?) [a, .,] + (Z - 0[o^,Q} 
- [a, «] {(X - ^) [A ^] + (Y - r,) [A 7?] + (Z - IP, Q] = (187). 



1 1 

{[a, ^] [a, f] - [a, a] [/3, ^]] = ^^ {[a,^] [a, 7?] - [a, a] [/3, Tj]} 



m 



iv] 



m 



{[«, ^] [«, Q 



a. a 



AC" 



I 



Hence the lowest terms in (183), (184), (185) are not independent of each other ; 
and if the three fractions last written be each = /x, it is possible by multiplying (183) 

* Equations (28) and (29) are satisfied at any point of an envelope locus. Equations (16), (17), 
(18) are not. 

MDCCCXCII. — A. 2 M 
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by fjL, (184) by '— [a^ /3], (185) by [ce, a], and adding^ to form a new equation in which 
the lowest terms in X, Y^ Z are of the second degree. 

Hence the equations (183)-(185) are equivalent to three others in which the lowest 
terms in X, Y, Z are of degrees 2, 1, 1 respectively. Hence there are two sets of zero 
values of X, Y, Z. Hence there are two intersections. 



Art. 27,— To prove that the Surfaces represented hy the three fundamental equations 
intersect in ttvo points on the Conic Node Locus^ unless it be also an Envelope Locus^ 
and then there are three points of intersection. 

(A.) In the case of the Conic Node Locus [^] = 0, [17] = 0^ [Q == 0. 

Hence the lowest terms in X, Y, Z in (183) are of the second degree^ in (184) and 
(185) of the first degree» 

Hence there are two intersections. 

(B.) In the case where the conic node locus is also an envelope^ it will be shown 
that the values of X^ Y^ Z, which make 



a. 



^ g A. ~j~" 



^^ V^ 



i=S-Jw 



a. 







also make 



§, f ] X + [^, rj]Y + [J3, QZ^^ 



a » e « 



. (188), 
. (189), 



f, f] X^ + [ri, 7?] Y^ + [C, Q Z'' + 2 [rj, g YZ -j- 2 [4 f ] ZX + 2 [f, yj] XY = (190) 



so that the lowest terms in the equations, by which (183)-(185) may be replaced, 
are of degree 3, 1, 1 respectively, and hence there are three intersections. 

Now the cone (190) to-uches the tangent plane to the conic node locus, viz. : — 



a, 0] {[«, 1^] X + [a, T]]Y + [a, Q Z] 
a,a]{[yS,f]X + [/3,7?]Y + [AaZ} = . 



I X i/ X I p 



this being the form for the tangent plane to the conic node locus which can be 
deduced from (28), (29), and (76)« 

Hence, to find the line of contact, whose equations are 



X/X' -- Y 



rj irif 



the origin of co-ordinates being taken at the singular pointy 



{It ^] r + [^, ^3 Y' + [^, c] zi / \\a, ^: 

{[£ c] r + [t;, g r + iL Q ziy {K ^: 






a, a 



[a, a] [^,7?]} 



a. a 



^^Q) 



(192). 
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It will now be verified that 

X7{K yj] [/3, C\ - [«, Q [A v]] = Y7{[«, Q [/3, i] - [a, i] [13, Q] 



For substituting these values in the first and second ratios of (192), they become 



I) [ [g] > [ vi in ] / D [ [«], w] ] 



._ J^ [ m, [vi m ] / 'D [ [«], [/g] ] 



B[v , u,^] T)[v, ^ ] 



• « 



• • • • • \ 1. tJ tJ j , 



Now, since the equations (16), (17), (18), (28), (29), are equivalent to three 
equations only, it follov?s that 

D [ m, [vi la [«] ] 



T>[ ^ , V , ^ , 13] 



0, 



which may be written 



L«' AJ T^r fc „ — n ~ L«' «J 



^[ i > V , «■ 1 



^n t- > V, /3 ] 






D[ ?, «, /8] 



I> [»?,«, /3 ] 



• t 



(194). 



Also from (16), (17), (18), (28), (29) may be deduced 



Dj m, [vim, mj 



which may be written 



[A/3] 



^[ ^ , V , « ] 



K/3] 



0, 






+ [;8, rj] ?iiiiMMJ _ r^^ f 1 ^ [ [11 [vl [n ] 



D[ I, «,/3] 



D [ '»; , a , /3 ] 



= 



. (195). 



Multiplying (194) by [a, ;S], (195) by [a, a], and subtracting 



D{[aw,m} 



_i>{[aw,ra} 



{[a,7;][a,^] - [/3, 7?] [a, a] } 



; 



{[-. f] [-. ^] - [A f] [-,-]} 



which proves (193). 

This proves that the first ratio of (192) is equal to the second. By symmetry the 
first ratio is also equal to the third. 

Hence the line of contact is the intersection of the planes 

2 M 2 
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. . ... (196). 



Hence the values of X^ Y, Z which satisfy (188) and (189) also satisfy (190)^ which 
was to be proved. 

It may be noticed that the equations (196) are those of the tangent planes to the 
surfaces Df/Da = 0, Df/D/3 === at £j yj^ C 



Art. 28. — To prove that the Surfaces represented hy the three fundamental equations 
intersect in three points on the Biplanar Node Locus^ unless the Edge of the Biplanar 
Node always touch the Biplanar Node Locus^ and then there are four points of 



intersection. 



(A.) In this case 



[f, f] X^ + [7},vW + [C CW + 2 [v, QYZ + 2 [L f] ZX + 2 [f,7?]XY 



breaks up into the factors 

^f? f] (K v]^ + [v> v]^ + [C> v] 2} 



■i,^]X + [^,r}]Y + [e,QZ] 



Now, since equations (16), (17), (18), (28), (29) are equivalent to only two 
independent equations, 

l^,yj-]X+[v,vlY+[Lv]Z and [i, i]X + [i,yj]Y + [$, QZ 

are linear functions of 

[i,a]X + [r},a-]Y+[icqZ and [f, /3] X + [t;, ;8] Y + K, ^] Z. 

Hence the equations (183)-(185) may be reduced to others in which the degrees of 
the lowest terms in X, Y, Z are 3, 1^ 1 respectively. Hence there are three intersec- 
tions, 

(B.) If, however, the edge of the binode always touches the binode locus, then by 
(126) it follows that 

"£ a] X + ['>?» ^] Y + [C? ^] Z is a multiple of [|, ^] X + [v* ^] Y + [C, ^] Z. 

In this case 

llr)]K + [v,v']Y + [C,v']Z and [f , f ] X + [f, >j] Y + [1^, C] Z 

are not, as in the last case, linear functions of 



[f,a]X + [^,«]Y + [C,«]Z and [f , /3] X + [77, ^] Y + [^, ^] Z 
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for, if so, [i, i] X+ [i, 7)] Y+ [I, C] Z would be a multiple of [1^,7^] X4- [r), 77] Y + [17, QZ, 
and the biplanes would coincide, and there would be a uniplanar node. 

Consequently, in this case the equations can be reduced as follows :— 

The lowest terms in (183) to be of the second degree. 

The lowest terms in (184) to be of the first degree. 

The lowest terms in (185) by means of (184) to be of the second degree. 

Hence the degrees are respectively 2, 1, 2. 

Hence there are four intersections. 



Art. 29.— Zb prove that the Surfaces represented by the three fundamental equations 

intersect in six ^points on the Uniplanar Node Locus. 

In this case 

[ei]X^ + [^,^]Y^ + [LaZ^ + 2[.7,aYZ + 2[C,flZX+2[|^,77]^^ 

is a perfect square, and is proportional to the square of [f, ^] X + [^, '^] Y + [^, Q Z ; 
and this by means of the ratios (48) is proportional to [|^, a\ X + [77, a] Y + [C, ot] Z 
and also to [£ ^] X + [77, ^] Y + [4 ^] Z. 

Hence the lowest terms in X, Y, Z may be reduced as follows : — 

The lowest terms in (183) to be of the third degree ; the lowest terms in (184) to 
be of the first degree ; and the lowest terms in (185) by means of (184) to be of the 
second degree. 

Hence the degrees are 3, 1, 2 respectively. 

Hence there are six intersections. 



Secteon VI. (Art. 30).— Exceptional Cases. 

jcLrt}* o\jt 

It remains to notice the exceptional cases in which the locus of ultimate intersec- 
tions is not a surface. 

An example is given of each, but the theory is not developed. 

The general case which has been considered in this paper is that in which the 
fundamental equations are satisfied by values of the coordinates which are functions 
of hoth parameters. 

The exceptional cases are :— 

(I.) When the fundamental equations are satisfied by values of the coordinates 
which are functions of one parameter. 

(II.) When the fundamental equations are satisfied by values of the coordinates 
which are functions oi neither parameter, i.e., are ind€'.pendent of the parameters. 
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(III.) When the fundamental equations cannot be satisfied by any vakies of the 
coordinates which make the discriminant or a factor of it vanish^ the values of the 
parameters being finite. 

(IV.) When the three fundamental equationSj which contain the five quantities 
x^ y, z^ a^ h are equivalent to two relations only between, them, 

(V.) When the three fundamental equations, which contain the five quantities 
x^ y^ z^ a, 6 are equivalent to one relation only between them. 

I. The Fundamental Equations are satisfied by values of the coordinates which are 

functions of one parameter only. 

In this case, eliminating the parameter^ two relations between the coordinates are 
obtained. Hence the locus of ultimate intersections is a curve. 



Example 18, 

Let the surfaces be 



r2^3 



a^x^ — 2ahxy + &y — 2c^ (i^ + 1) — 26^/ + ^ = . , , (1 97). 



(A.) The Discriminant. 










It is 


— xy 




• 


- xy — X 

y^ -y 




-X- 


■ 1 


■f 


-y z 
{2x + 1)2. 



1 



(B.) The coordinates of each point on the locus of ultimate intersections must 
satisfy (197) and 



ax 



From (197) and (198) 



'' ^ f)xy — (a? + 1) = 
— axy + by^ — ^ ^ 

a (ic + 1) — 6^ + ^ == 



B a 6 .1 



e <» A « 



. . (198). 



. . . (199). 



(i.) Now a solution of the second of equations (198) is 



y= 



3s«d3A«« 



(200). 



Substituting in the first of equations (198) and in (199) 



ax^ — (x -j" 1) ^ 



« 9 



s « 



S e 



(201), 



a{x -\- 1) -\- z = 



9 9 » » e • • 



(202). 
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From (201) and (202) 



%X' 



(i^ + 1)^ = ........ (203). 



A part of the locus of ultimate intersections is, therefore, given by (200) and (203). 
In this case x^ y, % may be considered to be functions of a only. It will be noticed 
that if (200) be satisfied, A =: 0. But A = does not suffice to determine this part 
of the locus of ultimate intersections. 

(ii.) Next take the other solution of the second of equations (198), viz. : — 

— ax + % — 1 = (204). 

Combining this with the first of equations (198), 

2a?+ 1 == . . . (205). 

Hence, by (204), 

^ = (2 — a)/2& ., (206). 

Therefore, by (199), 

iC — — -L...««.««...t ZA) I J, 

Hence another portion of the locus of ultimate intersections is given by (205) and 
(207). 

In this case the coordinates of any point on the locus of ultimate intersections may 
be regarded as functions of the single parameter (2 — a)/2h. 

It will be noticed that if (205) be satisfied, A = ; but A = is not sufficient to 
determine this part of the locus of ultimate intersections. 

II. The Fundamental Equations are satisfied hy values of the coordinates which 

are independent of the parameters. 

In this case all the surfaces of the system pass through a finite number of fixed 
points, or a fixed curve. 
Example 19. 

Let the surfaces be 

y\s{x, y, z) + a^{x, y, z) + hx{x, y, z) = 0. 

(A.) To find the locus of ultimate intersections, it is necessary to satisfy at the 

same time the above, and 

^ (^, y, z) = 0, 

X (^^ y> ^) = 0. 

Hence it is necessary to satisfy 

^ (^, y. ^) = 0, ^ (x, y, z) = 0, X {^> y^ ^) = 
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The locus is, therefore, generally a finite number of points. 

The values of a?, y^ % are independent of the parameters. 

(B.) If two of the three expressions t/r, <^, y^, say i/i, ^, have a common factor d, then 
the curve ^ = 0, x = is a part of the locus of ultimate intersections, 

(C.) If the equation of the system of surfaces be transformed to plane coordinates, 
then a point has an equation, and the locus of ultimate intersections would have 
an equation, which could be determined as a factor of the discriminant. 



III. The Fundamental Equations cannot he satisfied by any values of the coordinates 
which make the Discriminant vanish^ the parameters being finite. 



Example 20, 

Let the surfaces be the spheres 

{z + e) (# + &^) — (c + ^) {2aa:J + 2by 



oc^ — y^ 

4/ 



{z — c)(2J— d)] = 0, 



where c^ d are fixed constants ; a, b are the parameters. 

They all touch the plane z=: d, and the sphere x^ + i/^ + # = c 



(A.) The Discriminant. 
It is 



z -^ c 







2^ + C 

— {c -^ d)m — (c + ^) 2/ 



— (c + <^) ^ 

"^ (c *-)™ d) y 

{c + d) {.# 4" f^ + (^ 



c) {z — d)} 



=^ {g -{- d) (z — d) (,# 4" ^^ + ^^ '^ e^) (^ + c). 

(B.) The Plane z — d = is a part of the Envelope. 

(C.) The Sphere x^ + y^ + z^ -- c^ ^ is a part of the Envelope. 

(D.) The remaining factor z -+- c requires explanation. It is on account of this 
factor that this example is introduced. 

If :s + c = 0, the left-hand side of the equation of the system of surfaces, which is 
of the^econd degree in a, b breaks up into two factors, one of the first degree in a, b, 
the other of degree zero. 

But the fundamental equations being equivalent to 

a (^ + c) — ^ (c + c^) =0, 

b {z -{- c) — y (c -\" d) = 0, 

— a (c + d) ^ — 6 (c + ^0 ^ + (^ + ^) [^^ + y^ + {z --- c) {2; — • cl)] = 0, 



cannot be simultaneously satisfied by finite values of a, b when z -^ 0-= 0. 
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For if ;a; + c = and a, h be finite, the equations are equivalent to 

X = 0, y = 0, 2e (c + df = 0, 

which equations cannot be satisfied. 
Hence the values of a, h are infinite. 

IV. I'he Fundamental Equations are equivalent to only tivo relations hettveen the 

coordinates and ^parameters. 

In such a case the discriminant must vanish identically. 

Example 21. 

Let the surfaces be 

a{x^ af + 8^{y'-- hf == 0, 

where a, /3 are fixed constants ; a, b the arbitrary parameters. 
The other fundamental equations are 

3a {x — a)^ = 0, 
6/3 (^ -« 6) == 0. 

Hence the discriminant vanishes identically. 

It may be noticed that in this case each surface of the system has a unodal line. 
Hence the singularity is of a higher order than when each surface has a single unode. 

V. The Fundamental Equations are equivalent to only one relation hettveen the 

coordinates and parameters. 

In such a case the discriminant must vanish identically. 
Analytically 

is an example. 

But the left-hand side is resoluble. 
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